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Streszczenie

Niniejsza rozprawa doktorska odnosi się do złożonego problemu dotyczącego opracowania

termodynamicznych metod oraz równań stanu celem przewidywania gęstości i jej pochodnych,

w tym izobarycznego współczynnika rozszerzalności termicznej, współczynnika ściśliwości

izotermicznej, jak i również prędkości propagacji dźwięku w jednofazowych cieczach pod zwięk-

szonym ciśnieniem. Zagadnienie to jest ważne zarówno z punktu widzenia badań podstawowych

w obszarze chemii fizycznej czy też ogólnie pojętej fizyki fazy ciekłej, jak i również ma znacze-

nie w zastosowaniach przemysłowych, np. tam gdzie niezbędna jest wiedza o właściwościach

termodynamicznych skompresowanej fazy ciekłej. Te pierwsze wywodzą się z braku ogólnej, uni-

wersalnej i utylitarnej teorii cieczy, która głównie podaje ilościowe wartości wielkości termody-

namicznych w obszarze jednofazowym. Drugie, to choćby między innymi wynikające z potrzeb

termodynamicznego modelowania procesów wtrysku paliwa w wysokoprężnych silnikach Diesla

typu common rail, przeznaczonych do pracy pod ciśnieniem sięgającym wartości kilkuset MPa,

a także choćby w problematyce wysokociśnieniowej katalizy chemicznej (np. przetwarzania

ligniny z użyciem cieczy jonowych, będących nadal aktualnym kierunkiem badawczym tzw.

zielonej chemii).

W ciągu ostatniej dekady (w tym w pracach, w których autorka niniejszej dysertacji jest współau-

torem) ustalono, że celem opisu właściwości fizykochemicznych cieczy prostych, molekularnych

jak i jonowych można podejść analizując ich związek z termodynamicznymi fluktuacjami gęs-

tości, które z kolei można odnieść do zmian objętości swobodnej układu wywołanej ciśnieniem

zewnętrznym. Jednocześnie, prace te pozwoliły określić zbiór otwartych problemów, których

wyjaśnienie jest głównym celem niniejszej rozprawy.

Niniejsza praca omawia wyznaczone w niej cele przechodząc kolejno od makroskopowego do

mikroskopowego obrazu termodynamicznego skompresowanej fazy ciekłej. Pierwszy rozdział

dotyczy granic stosowalności podejścia opartego na fluktuacjach gęstości oraz jego ewentu-

alnego rozszerzenia w przypadku aplikacyjności zastosowanych modeli termodynamicznych
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do obszarów wysokich ciśnień, jak również wyznaczenia odpowiednich parametrów zapro-

ponowanego izotermicznego równania stanu w warunkach ciśnienia atmosferycznego w taki

sposób, aby przewidywane wartości gęstości były porównywalne w granicach niepewności

pomiarowych z tymi uzyskanymi drogą bezpośredniego eksperymentu. Drugi rozdział przed-

stawia szczegółowe podstawy matematyczne i termodynamiczne podejścia zaproponowanego

w pierwszym rozdziale. Pozwala to na uogólnienie ich na przypadek własności pochodnych

termodynamicznych oraz prędkości propagacji dźwięku, będącej sednem rozważań podjętych

w niniejszej dysertacji. Trzeci rozdział łączy makroskopowy obraz termodynamiczny fazy ciekłej

z mikroskopowym opartym na wynikach symulacji dynamiki molekularnej. Te ostatnie mają

na celu wyjaśnienie anomalii termodynamicznych i kwestii, które pojawiły się w trakcie badań

z użyciem modelu fluktuacyjnego. Obejmują one pewien dysonans pomiędzy przewidywaniami

opartymi na teorii fluktuacji a wynikami opartymi o pomiary akustyczne i densytometryczne

w przebiegu izobarycznej rozszerzalności termicznej halogenopochodnych n-alkanów. Synergia

podejść opartych na dynamice molekularnej, termodynamice oraz teorii fluktuacji skompre-

sowanej fazy ciekłej, pozwoliła również na zróżnicowanie cech stereochemicznych badanych

układów ciekłych, co finalnie przełożyło się na wieloaspektowość dyskusji nad możliwościami

przewidywania właściwości termodynamicznych cieczy pod zwiększonym ciśnieniem.
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Abstract

This dissertation addresses the complex problem of developing thermodynamic methods and

equations of state to predict density and its derivatives, including the isobaric thermal expansion

coefficient, the isothermal compressibility, and the speed of sound in single-phase liquids under

increased pressure. This issue is important both from the point of view of fundamental research

in the area of physical chemistry or liquid phase physics in general, as well as being relevant

in industrial applications, such as where knowledge of the thermodynamic properties of the

compressed liquid phase is essential. The former derives from lacking a general, universal,

and functional theory of liquids, which mainly gives quantitative values of thermodynamic

quantities in the single-phase region. The second, among other things, derives from the need for

thermodynamic modeling of fuel injection processes in common-rail diesel engines designed

to operate at pressures reaching values of several hundred MPa, as well as, for example, in the

problems of high-pressure chemical catalysis (e.g., the problem of the ionic liquid-mediated

lignin processing that one of the actual directions of Green Chemistry).

During the last decade (including earlier works in which the author of this dissertation is a

co-author), it has been established that the goal of describing the physicochemical properties of

simple molecular as well as ionic liquids can be approached by analyzing its connection to the

thermodynamic density fluctuations, which in turn can be related to changes in the free volume

of the system induced by external pressure. At the same time, this work has identified a set of

open problems, the clarification of which is the main goal of this dissertation.

This dissertation discusses the objectives sequentially proceeding from the macroscopic to the

microscopic thermodynamic picture of the compressed liquid phase. The first section addresses

the limits of the applicability of the density fluctuations-based approach and its possible extension

in the case of applicability of the applied thermodynamic models to high-pressure regions, as

well as the determination of the relevant parameters of the proposed isothermal equation of state

at atmospheric pressure in such a way that the predicted density values are comparable within the
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limits of measurement uncertainty with those obtained by direct experiment. The second section

presents the detailed mathematical and thermodynamic basis of the approach proposed in the first

chapter. This allows generalizing them to the case of the properties of thermodynamic derivatives

and the speed of sound, which is the essence of the discussion undertaken in this dissertation.

The third section combines a macroscopic thermodynamic picture of the liquid phase with a

microscopic one based on the results of molecular dynamics simulations. The latter aims to

clarify thermodynamic anomalies and issues during the fluctuation model studies. These include

some dissonance between predictions based on fluctuation theory and results based on acoustic

and densitometric measurements during the isobaric thermal expansion coefficient of halogenated

n-alkanes. The synergy of approaches based on molecular dynamics, thermodynamics, and the

fluctuation theory of the compressed liquid phase, also allowed differentiating the stereochemical

characteristics of the liquid systems studied, which ultimately translated into a multifaceted

discussion of the possibility of predicting the thermodynamic properties of liquids under increased

pressure.
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1 Introduction

Modern interest in high-pressure liquids studies is motivated by fundamental thermodynamics

and statistical physics [1] and prospective industrial applications [2]. Advanced technologies

require specialized technical fluids with superior properties as operating mediums in compressors,

cooling systems, energy storage systems, or engines. Consequently, many studies have been

dedicated to experimental measurements of the density, the speed of sound, the heat capacity

of liquids and their mixtures, and methods of their predictions. The effects of temperature

and pressure on these properties and their derivatives, such as the isothermal and isentropic

compressibilities, have been extensively studied for hundreds of molecular systems and mixtures.

At the same time, the recent state of the art indicates that this problem is far from the final

resolution due to the complexity of liquid structures heavily dependent on the specificity of

particular substances.

Density under high pressure is a critical parameter in engineering studies [3] as well as its

derivative, the isobaric thermal expansion coefficient. This coefficient and the heat capacity [4]

are crucial for solving energy and continuity equations in fuel injection systems under high

pressure, novel diesel injectors, and engine constructions, see, e.g., [5, 6].

From a thermodynamic perspective, the isobaric thermal expansion coefficient is a crucial

property due to its high sensitivity to molecular properties of liquids and specific behavior under

elevated pressures [7, 8]. As a result, IUPAC recommends checking the accuracy of determining

the isobaric thermal expansion coefficient as one of the most demonstrable tests, which needs

to be evaluated when developing practically applicable equations of state [9], highlighting its

importance as a primary and essential property in thermodynamics.

Another important derivative quantity is isothermal compressibility. It is closely linked to liquids’

radial distribution function and structure factor. Also, it can play the role of a starting point

for developing isothermal equations of state by integrating along isotherms. Although the high-

pressure science of liquids started from exploiting this quantity by P.G. Tait, this problem is still
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a challenging task [10] due to the high uncertainty of calculating the first-order derivative of the

slightly changing volume [11].

However, it can be indirectly deduced by measuring other physical properties using thermody-

namic differential equations. Among the various indirect methods, the most commonly used one

relies on the speed of sound, c, which can be accurately measured even at high pressures [3] and

also itself provides information on physical and physicochemical properties of molecular [12]

and ionic [13] liquids. Simultaneously, the isobaric heat capacity, the adiabatic, and the isobaric

thermal expansion coefficient can be obtained when implementing such a method. This form a

basis for developing and testing equations of state.

The primary purpose of equations of state [14] is to provide a theoretical understanding of liquids

and enable practical calculations, reducing the need for extensive direct measurements that is

of a practical need for various applications in engineering and physical chemistry, which span

from fluid mechanics and material engineering to nanotechnology. Among the most popular

predictive approaches, one can list a variety of cubic equations of state [15] (however, despite

their efficiency at saturated conditions, this kind of equations provides a rather poor accuracy

when the calculations are extended to the single-phase region under high elevated pressures) and

models based on statistical thermodynamics [16].

The Statistical Association Fluid Theory (SAFT) models, which are molecular-based, are cur-

rently the most frequently used equations for predicting the physicochemical properties of

compressed liquids [17]. These models have shown significant accuracy in the comprehensive

modeling of liquid properties. However, the predictive value of some SAFT approaches may be

questionable because their substance-dependent parameters are usually determined by fitting

relatively large and sometimes imprecise experimental databases [18, 19].

Thus, one can state a more reduced problem of the search for predictive equations of state,

which does not require the necessity to know thermophysical properties under pressure, the

structure, composition, or molecular mass of compressed liquids but may use easily measurable

macroscopic thermodynamic quantities at ambient atmospheric pressure.
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The doctoral thesis aims to investigate such predictive methods per se and their relations to

the structural changes which may occur in compressed liquids, mainly working and technical

liquids, in high-pressure regions. To achieve this, computer simulation methods will be utilized

to determine the physicochemical properties of liquids across a broad range of temperatures and

pressures. The Molecular Dynamics technique, a deterministic computer simulation tool, can

help to explain these issues. Computer simulation methods offer a means to obtain necessary

information and bridge the gap between theory and experiment.

Thus, the fluctuation theory-based equations of state and computer simulation techniques offer a

better understanding of compressed liquid structures and the prediction of their physicochemical

properties across a broad range of thermodynamic parameters.
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2 Variation of the isothermal compressibility as one of the

key parameters allowing predicting the density of liquids at

highly elevated pressures

It has been revealed earlier that the Fluctuation Theory-based Equation of State

ρ = ρ0 +
1
k

log
[
kρ0κ

0
T (P−P0)+1

]
, (1)

correctly predicts the density of liquid ρ over a wide range of pressures P (up to about 200

MPa). Its predictive capabilities have already been proven for molecular liquids, from satu-

rated hydrocarbons to ionic liquids [20–23]. It contains parameters (ρ0 is the density, k is the

parameter described by fitting (M/(RT ρ0κ0
T ) = exp(kρ0 +b), and κ0

T is the isothermal com-

pressibility) determined at atmospheric pressure P0 from uncomplicated experimental procedures

and thermodynamic equalities.

However, Eq. (1) has two weaknesses. The first point relates to the range of pressures for which

the isothermal equation of state can be used, i.e., several hundred MPa. For larger pressures, the

density and its isothermal derivative, i.e., the isothermal compressibility, significantly deviate

from experimental data. On the other hand, the second point relates to the calculation or prediction

of the isothermal compressibility at atmospheric pressure since κ0
T is a control parameter in

Eq. (1) itself and also required to find the second parameter, k. Predicting these parameters can

generate higher errors for much lower pressures than the density prediction.

The works addressed in this section propose approaches that can overcome these drawbacks by

considering the qualitative changes in the pressure response of the bulk modulus (the inverse

isothermal compressibility) of molecular liquids when external pressures tend to the GPa range

and proposing a machine learning-based method for predicting κ0
T for ionic liquids (ILs). Note

that the latter, in turn, is characterized at low pressures by a certain similarity to extremely

compressed molecular liquids [24] that gave recent support to the picture considered in this

section.

11
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The main message of the P1, can be cited as "(...) the deviation of the reduced bulk modulus

from the behavior assuring the FT-EoS validity occurs when the packing fraction defined as the

van der Waals volume of molecules with a small nonsphericity reaches the value in between the

random loose and random close packing of spheres. This allows the hypothesis of the existence

of some kind of structural transition of a liquid state to a state with irregularly closely packed

particles, similar to an amorphous solid".

The literature review discussed the elastic properties of solids and liquids, indicating a certain

similarity between them in this respect. This prompted us to consider whether it made sense

to link our model with a model related to predicting the properties of solids (the Murnaghan

equation of state). Accordingly, we undertook this task. As a result, we obtained a Two State

Model that extended the predictive capabilities for the density and the isothermal compressibility

to the order of pressures reaching GPa.

In the beginning, we considered two bulk moduli, first for the FT-EoS (KFT ), and the second for

Murnaghan’s approach (KM):

KFT =

(
ρ

ρ0

)(
κ

0
T
)−1 [

1+λκ
0
T (P−P0)

]
, (2)

KM =
(
κ
′0
T
)−1 [

1+λκ
′0
T
(
P−P′

0
)]
. (3)

As can be seen, Eq. (2) differs from Eq. (3) only by one term,
(

ρ

ρ0

)
, which is known as a first

reduced density dependent correction in the theory of elasticity [25, 26]. It is also worth noting

the packing fraction for liquids. This parameter can be expressed as φ = ρ/ρvdW , where ρvdW

is the van der Waals density, which is equal to M/VvdW . Here VvdW is the van der Waals molar

volume. The parameter φ is within the 0.52− 0.62 range, which corresponds to the range of

geometric states from the random, very loose packing to the random close packing of spheres

along the saturation curve. Parameter φ can also be used for chained liquids like n-alkanes and

n-alcohols since VvdW refers to the impenetrable molecular volume independent of a molecule’s

shape.
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When we integrate Eq. 2 along isotherms, we get the formula for predicting density as a function

of pressure and temperature, coinciding with the FT-EoS, Eq. (1) above

ρ = ρ0 +
1
k

log
[
λκ

0
T (P−P0)+1

]
, (4)

but where λ = kρ0.

On the other hand, integration along the isotherms of Eq. 3 will give us the Murnaghan equation:

ρ = ρ
′
0
[
κ
′0
T λ (P−P′

0)+1
]λ−1

, (5)

Using Eqs. 4 and 2 and Eqs. 5 and 3, it is not possible to reproduce the experimental values over

the entire pressure range since each corresponds to individual pressure ranges. On the other hand,

Eqs. 4 and 5 can be written in the form:

exp [k(ρ −ρ0)] = κ
0
T λ (P−P0)+1 (6)

and (
ρ

ρ ′
0

)λ

= κ
′0
T λ (P−P′

0)+1 (7)

The logarithmic right-hand sides of Eqs. 6 and 7 should represent a linear relationship on the

plots. However, in the case of Eq. 6, one can see deviations from a straight line for high pressures,

while for Eq. 7, deviations occur for low pressures. Thus, it can be said that Eq. 4 reproduces

the experimental data in the low-pressure range, while Eq. 5 reproduces the experimental data

in the high-pressure range. It should also be noted that there are no phase transitions along the

isotherm, so the components of Eqs. 4 and 5 should remain continuous for both the density

and the isothermal compressibility. Thus, λ , ρ0, and κ0
T are inputs at atmospheric pressure for

predictions properties at low pressures. In contrast, ρ ′ and κ ′
T are input at reference pressure P′,

referring to the transition point between FT-EoS and the Murnaghan equation separately for each

isotherm studied.

In the P1, we tested the predictive capabilities of the Two States Model for n-alkanes, n-alcohols,

and benzene. The density, ρ , the heat capacity cP, and the speed of sound c at atmospheric

13
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pressure were used as input data. These properties were used directly to calculate the isothermal

compressibility, κT , from a well-known thermodynamic relationship

κT =
1

ρc2 +
T α2

P
ρcP

(8)

Using n-heptane as an example, it has been demonstrated in detail how the features of the Two

State Model are reflected in the experimental data and how this model can be implemented in

predictive calculations. In addition, we compared the results obtained by the Two States Model

with the density prediction using the FT-EoS equation (where we obtained lower density values)

and the Murnaghan equation (where we obtained higher density values). We have also shown a

plot of the dependence of the natural logarithm of the reduced density fluctuation as a function

of density, where superimposed plots of the linear function can be seen up to about 750 kg·m−3.

However, above 750 kg·m−3, you can see individual straight lines that extend from the ’point’ of

the FT-EoS – Murnaghan EoS transition.

Next to n-alkanes, n-alcohols, and benzene, we tested the predictive capabilities of the Two

State Model for liquid mixtures, here silicone oil 9981 LTNV-70. Since we do not know the

molar mass of this oil, we omitted the M/R ratio for the natural logarithm of the reduced density

fluctuations because this parallel shift of the fitting line does not affect its slope k required as a

parameter. Using the Two State Model, the density values obtained for the pressure range larger

than several hundred Megapascals were closer to the experimental values than when we used the

FT-EoS only.

In addition to density, we verified that the Two State Model could also predict isothermal

compressibility. Here, for n-heptane, we used the inverse of Eqs. (2) and (3) while considering the

transition described above. The results obtained did not differ significantly from the experimental

data.

As noted above, both parameters of the predictive model for calculating the density of liquids

require knowledge of the isothermal compressibility at the ambient atmospheric pressure. At the

same time, the existing data, i.e., the complete set of measurements of the density, the speed of

14

15:9390837646



sound, and the isobaric heat capacity at this state, may not be available, which induces demand

for developing predictive methods too.

For this goal, we used machine learning as an algorithm for gradient boosting on decision trees

– CATBOOST – manuscript P2. We chose the following identifiers as the input quantities: the

density at 298.15 K, the critical temperature and pressure, the molar mass, and the acentric

coefficient for individual ionic liquids. The target quantity of the machine learning algorithms is

isothermal compressibility at 298.15 K.

The quantity given as experiment-based data at this temperature and ambient pressure or interpo-

lated between the data reported for different temperatures were used to form the training and test

sets of data.

When density and isothermal compressibility values were not reported in the literature at the

input temperature, i.e., 298 K, we used temperature-dependent quadratic polynomials (or a

linear function when only three values exist) for the density fitting and the linear fitting of the

natural logarithm of the isothermal compressibility, respectively. In addition, the isothermal

compressibility data sets were checked for correct behavior with respect to temperature. In the

case of excessive data scatter or unphysical behavior, the data were discarded. Thirty-five ionic

liquids were selected from the entire data set. Since this number is not so large, taking into

account requirements for the standard workflow with the test/training datasets subdivision, an

original approach of the complete permutations was applied. It consists of considering all data

except one for the training set, predicting this data and comparing it with the actual value, and

further repeating this procedure for each substance sequentially.

For the directly predicted values at the temperature of 298.15 K, the average absolute relative

deviation over the entire data set is 6.0%. In contrast, for the entire temperature range, for

which the experiment-based isothermal compressibilities are known, it was 6.2% when the

CATBOOST’s predictions were combined with Wada’s rule and the known density.

Various parameters can affect the prediction of density and isothermal compressibility. One of

the advantages of the CATBOOST algorithm is that information is given on the importance of

15
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individual parameters as affecting the predicted results. Therefore, we found that parameters

such as the molar mass, the critical temperature, and the type of cation significantly impact the

prediction of the isothermal compressibility for all the ionic liquids studied in this work.

It is worth noting that two parameters, i.e., molar mass and critical temperature, are directly

related to the physical chemistry of the liquid. ILs with a larger molar volume are more com-

pressible, and consequently, the isothermal compressibility increases as the alkyl chain of the

cation increases. On the other hand, the critical temperature is related to the saturated isothermal

compressibility of molecular liquids (Tc −T combination). Wada’s rule should also be marked

out here, represented by the equation M/ρκ
1/7
T = const. Y. Wada was the first who proposed to

predict isothermal compressibility from knowledge of a substance’s molar mass, density, and

specific chemical groups. Since we determined the isothermal compressibility by the CATBOOST

for one temperature, the group contribution term (const in the equation above) is eliminated from

the consideration. It should be pointed out also that the power-law dependence of the isothermal

compressibility on the density functionally corresponds to Murhaghan’s equation for the bulk

modulus (the inverse isothermal compressibility), i.e., its usage is also in line with the modern

consideration of ionic liquids’ properties as resembling properties of the molecular liquids at

a very high compression [24] that is coordinated with our Two-State Model. The temperature

distance function from the critical point at the saturated conditions affects the density as follows

from the Rackett equation. On the other hand, the importance of cations and anions can be related

to the occurrence of individual ions.

For three ionic liquids, we obtained the largest deviations: [emim][BF4], [6,6,6,14-P][bti], and

[N-epy][bti]. For the first two ionic liquids, the molar mass and critical temperature are outside

the range of the corresponding parameters used for training. In the case of [N-epy][bti], the three

parameters are outside those taken for training. Its cation is absent in the training set. Hence we

suppose the significant error in predicting the isothermal compressibility for this ionic liquid

originates from this fact.

We have shown the position of the isothermal compressibility on the (M, Tc) plane for all the

16
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ionic liquids studied. On this plane, you can find linearly correlated points, which are discussed

as corresponding, for example, to homologous series, respectively, to a cation. In this case, it can

be seen that isothermal compressibility has a small prediction error, which is the opposite for

distantly located pairs of parameters.

We can count isothermal compressibility as one of the most difficult to determine properties

of compressed liquids. Purely predictive approaches for this quantity, e.g., phenomenological

polynomial equations of state and different versions of the SAFT-based EoS, result, as a rule, in

a low prediction accuracy, which can reach up to 20 %. Hence, we conclude that the proposed

CATBOOST-based algorithm, whose deviations are about 10 %, can be considered successful

and has certain advantages to predict the isothermal compressibility at atmospheric pressure for

ionic liquids.
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3 Substantiation of the approach for predicting the density

and the speed of sound as based on the theory of thermo-

dynamic fluctuations: applications to molecular and ionic

liquids

The main purpose of this part of the dissertation is to develop a sequential simultaneous approach

based on the theory of thermodynamic fluctuations and Taylor’s series expansion of the elevated

pressure as a function of either the density of the speed of sound, for the density is aimed to

reveal the background for limitations on the FT-EoS’s applicability mentioned above. For the

speed of sound, there was a problem with a similar development of a new isothermal equation

based on the statistical fluctuation theory. Predictive capabilities concurred with reliable literature

data for a wide range of molecular liquids and ionic liquids. The main advantage of our approach

was, as was the case for the prediction of high-pressure density, no necessity for prior knowledge

of other thermophysical properties under high pressure or the chemical composition. This part is

based on manuscripts P3 and P4.

Initially, based on previous results [21–23], the fluctuation equation of state by which density

can be predicted over a wide range of pressures and temperatures can be successfully applied to

fluids of unknown composition, such as SRS Calibration Fluid CV, based on readily available

thermodynamic data known at ambient pressure only. Then, we attempted to discover the

theoretical basis for this method and generalize it to the case where we would like to predict

other thermodynamic properties, primarily – the speed of sound.

However, it is worth noting that Eq. (1) was derived and discussed as based on empiric obser-

vations of the universality of the functional form describing the reduced density fluctuations

in liquids, i.e., its exponential dependence on the density only that fulfills at atmospheric and

moderate elevated density. However, the boundaries of this universality with respect to the

pressures as well as its origin were not completely understood.
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Here let us look at pressure and density from a slightly different angle. Considering an isothermal

equation of state as a mathematical object, which states a functional dependence between the

density and the pressure at a constant temperature, the pressure’s experimental values can be

fitted as a function of the respective density’s experimental data by a polynomial, i.e., the excess

pressure can be represented as a cubic function of the excess density:

P−P0 = δ1 (ρ −ρ0)+
δ2

2
(ρ −ρ0)

2 +
δ3

6
(ρ −ρ0)

3 . (9)

Theoretically, the data sets can be fitted by a polynomial in two ways, namely 1) P vs. ρ or 2) ρ

vs. P. In our considerations, we used the first case because we wrote in textbfP3 that "the slope

of the tangent to the curve P(ρ) is always positive and increasing, and such a curve tends to

infinity without any fundamental mathematical and physical constraints." On the other hand, the

ρ(P) curve is decreasing due to decreasing compressibility and increasing pressure. Therefore,

the polynomial fit will have a maximum, and next, the curve will decrease, which is physical

nonsense.

A form similar to the Eq. 9 was proposed by Sun et al. for the speed of sound:

P−P0 = A1(T )(c− c0)+A2(T )(c− c0)
2 +A3(T )(c− c0)

3. (10)

Here, A j(T ) are quadratic polynomials as a function of temperature. It can be noted that Eq. 9

also takes the form of a truncated Taylor expansion and thus is always true for the realistic

range of state parameters taking into account the data’s uncertainty. Assuming that
(

∂P
∂ρ

)
T
=

δ1 + δ2(ρ −ρ0)+
δ3
2 (ρ −ρ0)

2, and performing some mathematical operations that lead us to

the ordinary differential equation ρ0κ0
T

(
∂P
∂ρ

)
T
= 1+ kρ0κ0

T (P−P0), Where P(ρ0) = P0, which

leads us to FT-EoS (see Eq. 1).

It should be pointed out that Eq. (1) obtained as a solution to the formal differential equation

stating the reduced density fluctuations as a function of the density, also can be considered

from the point of view of the interpolation of a polynomial function by an exponential function.

These functions are equal to each other at the initial point P = P0. It can also be seen that
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the experimental values and those calculated with FT-EoS are similar for the low-pressure

range. On the other hand, for higher pressures, the equations P−P0 =
(
kρ0κ0

T
)−1

[
ek(ρ−ρ0)−1

]
and

(
∂P
∂ρ

)
T
=

(
ρ0κ0

T
)−1 ek(ρ−ρ0) can be expanded into Taylor series as above. With such an

operation, the conditions requiring positivity of δ1, δ2, and δ3 are fulfilled automatically due to

the properties of the exponential function.

Mathematically, the exponential function and the cubic polynomial function will not coincide.

It is known that the exponential function has a steeper curve than the polynomial function. At

high temperatures and medium pressures, there may be greater deviations between experimental

values and those calculated with FT-EoS, i.e., the P(ρ) curve is more curved. On the other hand,

the linearization procedure does not work for high pressures. This can be linked to molecular

packing, which this dissertation discusses in P1. In conclusion, the polynomial extrapolation

will deviate from the experimental data in contrast to the results derived from the exponential

function, as proposed during the modified linearization procedure.

The linearization procedure we proposed is also for the speed of sound prediction. However,

in this case, we have to operate not with the fluctuations of the density but the fluctuations of

the pressures, which are related to the speed of sound [27]. Moreover, the respective reduced

adiabatic fluctuation parameter has not exponential but power-law dependence on the density:

νS =
M
R

c2

T
≡ M

RT
1

ρκS
= Λρ

λ , (11)

where M is the molecular mass, R is the gas constant, c is the speed of sound, T is the temperature,

ρ is the density, and the κS is the isentropic compressibility; Λ and λ as compound-specific

constants.

After several transformations and assumptions described in the P3 and P4, it became possible

to derive a formula by which it is possible to predict the speed of sound over a wide range of

pressures and temperatures. The final expression for the prediction of the high-pressure speed of
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sound takes the form:

c = c0

[
1+

3
2

κ
0
T λ (P−P0)

] 1
3

. (12)

The Equation of State we derived was tested for various groups of liquids, including SRS

Calibration Fluid CV, Diesel fuel B0 2015, soybean and rapeseed biodiesels, two alkanes:

n-heptane and n-dodecne, and nine ILs.

However, it was revealed that Eq. (12) also has definite limitations. Although the results obtained

for n-dodecane and the calibration fluid are reasonable, there are liquids for which an increasing

deviation is observed between the calculated and experimental values of the speed of sound

(here, for example, n-heptane).

Moreover, the density calculated from the speed of sound values predicted by Eq. (12) via

equalities for thermodynamic derivatives deviates from experimental values more than the values

expected by the FT-EoS. Whence, we decided to modify the equation c3(P) = c3
0 +δs(P−P0)

by introducing a temperature-dependent correction factor for the slope of the linear trend c3(P)

along the isotherms as:

c3(P) = c3
0

[
1+

3
2

ρ0κ
0
T ksk′s(T )(P−P0)

]
, (13)

where k′s = k′s
0 (1+ ε(T −T ′

0)
)
. Here k′s defined for T = T ′

0 is close to 1, and ε is quite small.

To find k′s and ε , we will refer to the fact that FT-EoS predicts density only up to the relative

density value (ρ −ρ0)/ρ0, which is ≈ 1.05−1.1 (even for n-alkanes). It is, therefore, necessary

to find such correction factors for which the acoustic density calculation method will give values

similar to those calculated by FT-EoS, so we used the steps described briefly below.

The first step: density(P,T ) was calculated using FT-EoS, and speed of sound(P,T ) was calculated

using Eq. 12 for n-heptane (more compressible) up to P = 111.4 MPa and n-dodecane (less

compressible) up to P = 196.3 MPa using as input values of density, speed of sound and isobaric

heat capacity at saturated pressure from NIST Chemistry WebBook [28]. Calculations were

performed up to the end of the density isotherm’s most curved part and at the five isotherms’

given temperature range. The third isotherm was chosen as T = T ′
0.
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The second step: recalculation of the speed of sound values for the sample set of k′s
0 from 0.7 to

1.3, where the given range was divided into 11 equal steps. The speed of sound was obtained for

each of these sample sets, and the density was then calculated using the acoustic method. The

average absolute deviation of the calculated density by the acoustic method from the density

calculated by FT-EoS along the third isotherm ⟨|ρac(P,T ′)−ρFT−EoS(P,T ′)|⟩ was also used.

Finally, a k′s
0 was chosen to minimize this deviation.

The third step: in the last step, the same procedure was repeated with the fixed k′s
0 and a set of 35

trial ε uniformly distributed from 6 ·10−4 to 3 ·10−3. The minimization procedure was evaluated

for all five isotherms and all pressures. Finally, the optimal ε was found.

In the beginning, we tested n-heptane and n-dodecane. We obtained the corresponding correction

factors for both liquids, which were then used in Eq. 13. For n-heptane, we got better results for

the speed of sound compared to those calculated from Eq. 12. In addition, the density calculated

from the speed of sound obtained from Eq. 13 better reproduces the experimental data in the

highest pressure range, i.e., P > 200 MPa, compared to FT-EoS.

Then we tested the applicability of the above method for SRS Calibration Fluid CV and biofuels.

For these fluids, the results obtained improved slightly. Hence, we concluded that for such liquids,

Eq. 12 could be used without corrections, as it has adequate accuracy for predicting the speed of

sound.

Another class of compounds we have focused our attention on are Ionic Liquids. ILs have

been known for more than 100 years. Paul Walden discovered the first IL in 1914, and it

was ethylammonium nitrate [29]. These compounds are used in various fields of science and

technology due to their unique structure and properties. For example, ILs can be used as

electrolytes in lithium-ion batteries, organic synthesis, catalysis, solvent extraction, applications

in various biochemical processes, and many others [30–32].

Being aimed at testing the proposed approach respectively to the results of real experimental

measurements, we focused on this kind of data using the ILThermo database as a compendium.

Accordingly, no additional data, whether calculated or predicted by other models, were considered
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in our work. However, experimental data for the speed of sound at high pressures are already

scarce; we used the experimental sound speed data for nine ILs that is all such data from the

ILThermo database consisting of 589 points used to test the predictive capabilities of Eq. 12.

Simultaneously, experimental data was measured at ambient pressure conditions to get the

required parameters. These data were extracted from the ILThermo database and then passed to

MATLAB for further calculations using Excel spreadsheets as intermediate data files. These

byproduct collections contain information about the experiment, including links to sources of

information, composition information, the molar mass of the ionic liquid, and the data themselves.

Additionally, a comparative analysis of the available data was carried out. Not all experimental

data from the ILThermo database were used in the final calculations since, e.g., for several ILs,

extremely scattered and contradicting experimental data were detected and discarded after pre-

liminary data evaluation. Only the high regularity and consistency data were used for predictive

calculations that demonstrate highly accurate results.

Using the extended version of the isothermal fluctuation equation of state, very good accuracy

can be obtained between the experimental values and the predicted speed of sound for the nine

ionic liquids from the ILThermo database, as confirmed by the relative average absolute deviation,

which was only 0.85%.

Thus it is possible to conclude that the model proposed model can be used to predict the speed of

sound under pressure in its simplest form (12) low compressible liquids and with the temperature-

dependent modification (13). It is confirmed by the case studies of a wide set of substances

belonging to different classes: SRS Calibration Fluid CV, Diesel fuel B0 2015, soybean and

rapeseed biodiesels, n-heptane, n-dodecane, and nine ILs.
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4 Determination of physicochemical properties of selected

halogenoalkanes based on computer simulation methods

This part of the dissertation is based on two manuscripts, e.g., P5 and P6. The main goal

of this part of the thesis is a systematic investigation of several halogenoalkanes by molecular

dynamics (MD) simulations aiming to obtain thermodynamic and structural information in a wide

range of temperatures and pressures. We aim to connect experimentally defined thermodynamic

peculiarities with the atomistic structure of liquids.

The choice of these compounds was motivated by the following scientific reasons. While the

theory of the thermal expansion of solids is well developed, and it is known that the anharmonicity

of oscillations mainly causes the thermal expansion in solid condensed systems [33], in the case

of liquids, the understanding of this thermodynamic function in terms of molecular behavior

is still a challenge. Theoretical investigations by the Fluctuation-based Tait-like Equation of

State (FT-EoS) model concluded that the crossing of expansivity isotherms is connected with

the structural transition of loose packing liquid to the liquid with irregularly closely packed

particles [34, 35]. This hypothesis was pioneered considering discussing the phenomenon of the

crossing isotherms of αP for the series of α,ω-dibromoalkanes starting from dibromomethane. At

the same time, the pressure location of the crossing region defined by the FT-EoS exhibited some

deviations from the experimental data [36], which are limited and do not reach the target pressure.

Simultaneously, the existing limited experimental volumetric data [37] indicated a possibly strict

dependence of the crossing pressure on the structure of isomers of other representatives of the

same class of haloalkanes – chloropropanes.

Thus, the hypothesis is that the crossing of αP isotherms is defined by peculiarities of the liquid

structure and, first of all, with different molecular packing at low and high pressures. Neither

direct experiments nor theoretical models can present mechanisms of molecular packing at

different pressures. Therefore, computer simulation methods, which provide information about

the positions and interactions of all particles in a molecular ensemble, allow for analyzing the
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molecular configurations to solve this problem.

This goal requires a solution to several scientific challenges. As well known, the modeling of

liquids is based on existing force fields. To design realistic models, we tested the force fields,

which reproduced the experimental properties of liquids at normal conditions or elevated T and

P if available. We performed massive computations because our thermodynamic quantities of

interest are expressed as derivatives with respect to temperature or pressure. Besides thermody-

namics, we had trajectories of all particles of liquids and could calculate structural and dynamical

properties.

First, computer simulations were performed for dibromomethane. It was done during a six-

month internship under the Wilhelmina Iwanowska program from the National Agency for

Academic Exchange at the University of Lorraine in France under Professor Claude Millot’s

supervision. During the internship, a series of tests were carried out for the experimental density

values (T = 298 K and 313 K) assuming the model of rigid particles using several calculation

methods which are presented in manuscript P5, and selecting one for further calculations in the

temperature range (268−368 K) and pressure range (1−3000 bar).

After completing a six-month internship, we ran computer simulations for 1- and 2-chloropropane

to explore the possible stereochemical effects affecting thermodynamic properties. Using the

results of the MD simulations, we investigated the thermodynamic properties of the above liquids

in the temperature range of 293.15−373.15 K and the pressure range of 0.1−200 MPa. The

manuscript P6 describes the MD simulation details.

In addition to MD simulations in the manuscript P6, we also used Span-Wagner EoS. We

improved the thermophysical properties already existing in the literature for three haloalkanes:

1-chloropropane, 2-chloropropane, and 1,3-dichloropropane. Such a combination gives all three

possible configurations to replace one or two hydrogens with heavier halogen atom(s).

Based on obtained MD computer simulation results in the manuscripts P5 and P6, the ther-

modynamic properties of dibromomethane, 1-chloropropane, and 2-chloropropane have been

studied. We focused primarily on the isobaric thermal expansion coefficient, the isothermal
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compressibility, the isobaric and isochoric heat capacities, and the speed of sound. The above

physicochemical properties are the basis for characterizing the macroscopic properties of fluids,

testing the quality of equations of state, and their modeling can be usefully applied in chemical

engineering.

The isobaric thermal expansion coefficient was calculated from the well-known relation:

αP =− 1
ρ

(
∂ρ

∂T

)
P
. (14)

Here, ρ is the density, which equals the ratio between a number of molecules, N, and volume, V .

For the eight pressures, we fitted the volume-temperature dependence by a polynomial of order 2

to calculate the partial derivative in Eq. 14.

Next, we calculate the isothermal compressibility, κT , using the equation:

κT =
1
ρ

(
∂ρ

∂P

)
T

(15)

To calculate the partial derivative, we used the pressure dependence of the density by a polynomial

of order 3. We compared the calculated isothermal compressibility from the MD results with the

values obtained using the acoustic method [36] and Heun’s predictor-corrector method [22, 38].

In the NV E ensemble, the formula with which it is possible to calculate the isochoric heat

capacity is as follows:

cV =
3NkB

1− <δE2
kin>

3Nk2
BT 2

, (16)

where δEkin =Ekin−<Ekin > (Ekin is the total kinetic energy of the system of N rigid molecules),

kB is the Bolzmann constant, and T is the temperature.

The constant volume heat capacity can also be calculated from the relation:

cV =

(
∂E
∂T

)
V
. (17)
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Here, E is the internal energy, and V is the volume of the system. The results obtained using

these two methods are quite good, considering the amplitude of the error bars.

On the other hand, the isobaric heat capacity cP can be calculated from the relation:

cP =

(
∂H
∂T

)
P

(18)

where H is the enthalpy of the system equal to H = E +PV .

As a final property, we determined the speed of sound from the equations below:

c =
1√

ρ

(
κT − T Mα2

P
ρcP

) , (19)

and

c =
√

cP

cV ρκT
, (20)

where ρ is the mass density and M is the molar mass.

Since the most interesting property of the above is the isobaric thermal expansion coefficient, αP,

we took a closer look at it based on various methods. Based on the primarily MD simulations,

the Span-Wagner EoS, and the Daridon et al. method, we calculated αP. We superposed its value

for different isotherms to find a range of elevated pressures where they cross each other.

This effect, which is observed for many molecular liquids at a given pressure or within a

particular range of pressures (when a sufficiently wide range of temperatures was considered)

– usually below 200 MPa – prompts the question of its occurrence relative to the structure and

thermodynamic properties of a liquid [8,39]. In addition, the reproduction of this phenomenon is

denoted by IUPAC as one of the crucial criteria for developing equations of state [9].

Thus, we first wanted to use MD simulations to solve the still unsolved problem concerning the

crossing isotherms of the isobaric thermal expansion coefficient. To date, we have only been able

to reconstruct the crossing of isotherms of αP based on the results of MD simulations.

For dibromomethane, the αP was presented in two ways, i.e., i) from the raw results of computer

simulations and ii) using a pressure-dependent linear correlation α
−2
P proposed by Randzio et
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al. [40]. Using the raw results of computer simulations, we get the crossing of the isotherms

of αP between ≃650 and ≃900 bar. In contrast, using Randzio et al. method, the crossing of

isotherm is seen around 780±50 bar. It is also worth noting that Postnikov and Chorążewski

predicted, using the fluctuation equation of state, the crossing of isotherms for dibromomethane

in the range from ≃650 to ≃900 bar [34].

For 1-chloropropane and 2-chloropropane, the crossing of isotherms of the αP was calculated

via three methods: i) MD simulations, ii) Span-Wagner EoS, and iii) the Daridon et al. method.

It is worth noting that αp calculated by the Span-Wagner EoS and Daridon et al. methods was

determined at the points corresponding to the computer simulations. For 1-chloropropane and

2-chloropropane, we obtained very similar results for high pressures by comparing the results

obtained using computer simulations and Daridon et al. method. The crossing of isotherms is

visible around 150 MPa and in the 150−200 MPa range for the two isomers of chloropropane.

A difference is observed between the αP values obtained by simulation and the Daridon et al.

method for the highest temperatures and low pressures simultaneously. This was expected since

these points were far from the boiling point.

Crossing of isotherms occurred in the 100− 122 MPa and 75− 115 MPa for the two chloro-

propanes when we used the Span-Wagner EoS. In the case of 1-chloropropane, the crossing

of isotherms occurs relatively close to each other. In contrast, in the case of 2-chloropropane,

a significant difference in the location of the intersection of αP isotherms can be seen. This is

probably due to obtaining different density values comparing the density from the MD simulation

to the density from Span-Wagner EoS; see Fig. 4A and Fig. 5A in P6.

In summary, various physicochemical properties of compressed liquids were determined as

a function of temperature and pressure, including reproducing the crossing of the isotherms

of the isobaric expansivity using MD methods. Despite the fact that the present results of the

MD simulations did not reveal specific structural anomalies illustratively corresponding to this

phenomenon, we are confident that further research devoted to a more detailed exploration of the

collected extensive datasets resulting from the computer simulations will allow us to trace links

28

29:9819258952



between the particular fluid structure and the behavior of the thermal expansion coefficient.
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5 Conclusion

Predicting the physicochemical properties of liquids, considering accuracy comparable to a

physicochemical experiment, is still a difficult problem. As a rule, it requires the knowledge of

at least some reference values measured at elevated pressures, which is a laboratory-intensive

task. Although there are equations or methods in the literature that better or worse predict the

desired properties, there is no single method by which it is possible to predict a wide range of

physicochemical properties of compressed liquids.

The dissertation presented here addressed a more restricted approach, requiring experimental

reference data. Still, they should be measured only at the ambient atmospheric pressure, which

is significantly more straightforward in realization. However, in consequence, it is possible to

predict i) the density and the isothermal compressibility up to very high pressures of the range of

GPa using the Two States Model, ii) the speed of sound using an extension of the fluctuating

equation of state, and iii) the thermal expansion, the isobaric and isochoric heat capacities, the

isothermal compressibility and the speed of sound using MD simulations.

It is worth adding that FT-EoS has been extensively explored over the last few years and has

demonstrated a higher degree of universality and allows for predicting the density of under

pressures up to some hundreds of MPa for molecular liquids and mixtures varying from simple

saturated hydrocarbons to ionic liquids [20–23].

The Two States Model extends the predictive range of the fluctuation equation of state up to the

GPa range. However, it requires only knowledge of temperature-dependent, straightforwardly

measurable physicochemical properties at atmospheric pressure. The accuracy of both methods

remains consistent with the high-pressure experimental data.

Based on the above results, we are convinced that the proposed models will be an important

contribution to the understanding of thermodynamic and structural studies of pressurized fluids,

as well as that the described research concept will find application potential in the field of

engineering technical fluids since the proposed model of Fluctuation Equation of State correctly
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predicts the thermodynamic properties of the compressed liquid phase without prior knowledge

of any properties of the tested object under elevated pressure. Additionally, the obtained tools

allow us to predict and model several engineering-relevant physicochemical properties, which

could be used to design new dedicated for specific applications and optimize compressed fluids

and their mixtures.

On the other hand, the results of MD simulations were used to determine the physicochemi-

cal properties of dibromomethane, 1-chloropropane, and 2-chloropropane. In addition to the

demonstration of the ability of the molecular dynamics approach to get a set of data thoroughly

characterizing the thermodynamic state of such kind of liquids in the single-phase region, the

successful results of the MD simulations provided an alternative source of data for discussing

an influence of isomerization on the derivative thermodynamic properties that was a conductive

issue in the previous literature sources.

The physicochemical properties of liquid dibromomethane obtained from MD simulations show

reasonable agreement compared to experimental values. In addition, it was possible to reproduce

the intersection of isotherms of the isobaric thermal expansion coefficient around 780 bar. On

the other hand, the Span-Wagner EoS was used to critically evaluate the pre-existing datasets

for 1-chloropropane, 2-chloropropane, and 1,3-dichloropropane and improve the accuracy of

the representation of their physicochemical properties. Additionally, for the two isomers, i.e., 1-

chloropropane and 2-chloropropane, we discussed in detail the intersection of the isobaric thermal

expansion coefficient isotherms, which we obtained using MD simulations, the Span-Wagner

EoS and the Daridon et al. method.

We are convinced the proposed studies will contribute to the scientific development of liquids’

physicochemistry under high pressure. Moreover, the research on compressed fluid nature and

its thermodynamic properties reflect the worldwide trends in the meaning of interdisciplinary

sciences: chemistry and fluids engineering, and the demand for such studies is extremely high.

Besides fundamental scientific interests, the indicated topic includes potential applicability in

fluids engineering and high-pressure technological process optimization.
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The prediction of high-pressure volumetric
properties of compressed liquids using the two
states model†

Bernadeta Jasiok, *a Eugene B. Postnikov *b and Mirosław Chorążewski a

In this work, we argue that the volumetric properties of liquids cannot be reproduced by a single

isothermal equation of state derived by the compressibility route for the whole pressure region

extended up to a GPa pressure but require the consideration of two states associated with qualitatively

different molecular packing properties. This is confirmed by examples of polar and non-polar substances

within the range of temperatures from 203.15 K to 491.48 K and pressures up to 1200 MPa. The

proposed two states model is truly predictive for the high-pressure density and isothermal compres-

sibility using several easily measurable physico-chemical quantities: the density, the isobaric heat

capacity, and the speed of sound at atmospheric pressure only. The experimental data on the density for

15 different compressed liquids, given in the literature as a function of temperature and very high-

pressures, were used for the comparison and its analysis. The relative absolute average deviation for

2138 experimental data points by a two states model is close to 0.17%.

1 Introduction

Rayleigh1 was the first who proposed the consideration of the
equation of state for liquids based on the macroscopic thermo-
dynamic properties only without any reference to a molecular
structure. The main reason was that a liquid is a weakly
compressive medium, therefore, there exists a small parameter –
from the liquids’ compressibility, one can derive PVT relations
considering small changes of the liquid density (or volume) under
small variations of pressure. In particular, Rayleigh derived the van
der Waals equation under such assumptions. Furthermore, this
approach was developed by M. Smoluchowski, who considered
an equation of state derived in such a manner and including
macroscopic thermodynamic variables with respect to the particle
density fluctuations.2 He also introduced the parameter of
reduced volume fluctuations defined by a ratio of the isothermal
compressibility multiplied by the respective pressure for the
amount of particles in a system. The same is taken under the
hypothetical case of Boyle’s law along the same isotherm
and qualitatively discussed a change of this parameter on the
concentration growth route from an ideal diluted colloidal system
to a gel.3

In fact, the inverse quantity to the reduced compressibility
mentioned by Smoluchowski, i.e. the reduced bulk modulus
defined as

n ¼ M

RTrkT
(1)

is more convenient for the consideration of thermodynamic
quantities since it does not diverge in the critical point (it is
strictly equal to zero there) and allows for a simpler considera-
tion of the pressure dependence. Although eqn (1) can be
interpreted from the perspective of a liquids’ structure and
fluctuations, see ref. 4 for details, it is useful to make quanti-
tative predictions directly with macroscopic thermodynamic
quantities: there M is the molar mass, R is the gas constant,
and T, r, and kT are temperature, the density, and the isothermal
compressibility, respectively. A specific polynomial fit of the
quantity (1) with respect to experimental data is used as the
accurate functional representation of a liquid’s density in a
wide range of temperatures and pressures.5

On the other hand, an accurate functional representation of
the bulk modulus itself is a function of pressure and is relevant
to a general physical approach to the elastic properties of
liquids. It has the potential of universal applications for an
equations of state constructed on this basis, due to a low compres-
sibility of all liquids irrespective of their composition. In other
words, citing Rayleigh’s statement on this topic: ‘‘a sufficient account
can be given without introducing the consideration of molecules,
which on this view belong to another stage of the theory’’.1
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This question was addressed in several detailed reviews6,7

including the implications of such fitting for discussing the
validity of different classic isothermal equations of state as well
as an overview of an extensive set of such appropriations
considered from the point of view of sensitivity to the density
measurement data.8

While solids in the regime of linear elasticity (Hooke’s law)
can be characterized by a constant bulk modulus K0 = (k0

T)�1,
the regime of small but non-linear deformations typical for
liquids may be written in a general form, which includes linear
order corrections with respect to the density and the excess
pressure,9 as

K ¼ kT�1 ¼ r
@P

@r

� �
T

¼ r
r0

� �n

K0 þ K 0 P� P0ð Þ½ �; (2)

where r0 is the density corresponding to the reference pressure
P0, and the index n distinguishes between three cases: n = �1
corresponds to the classic Tait equation (in Tammann’s different
form); n = 1 results in the so-called Fluctuation Theory-based
Tait-like Equation of State (FT-EoS); n = 0 represents the
Murnaghan equation initially proposed to describe non-linear
elasticity of solids but is widely applied to liquids. In fact, there
are cases of particular substances, when either Tait’s or
Murnaghan’s is preferable to fit a particular molecular liquid,
see the classic comparative review.10

On the other hand, FT-EoS has been extensively explored
over the last few years and has demonstrated a higher degree of
universality and allows for predicting liquids density under high
pressures for molecular liquids varying from simple saturated
hydrocarbons to ionic liquids.9,11–13 In addition, it does not
require high pressure reference data and can be considered as
purely predictive utilizing the data measured at the normal/
atmospheric pressure only.

However, it has two weak points: (i) its applicability is
limited by several hundreds MPa, and the growing discrepancy
originates from the principal deviations of the reduced bulk
modulus from eqn (2) with n = 1;11,12 (ii) an ability to predict the
isothermal compressibility itself and speed of sound fails even
at smaller elevated pressure than for the density.

It has been first noted11 that the deviation of the reduced
bulk modulus from the behaviour assuring the FT-EoS validity
occurs when the packing fraction defined as the van der Waals
volume of molecules with a small nonsphericity reaches the
value inbetween the random loose and random close packing of
spheres. This allows the hypothesis of the existence of some
kind of structural transition of a liquid state to a state with
irregularly closely packed particles, similar to an amorphous solid.

It should be pointed out that the dual picture, which takes
into account a duality of the process in liquids comprising
solid-like and gas-like features, was discussed recently, including
the saturation curve. For example, elastic mode excitations result
in a proximity of the isochoric heat capacity behaviour for liquids
and solids. Simultaneously the free movement of a liquid’s
individual particles is what determines its entropic and self-
diffusional characteristics.14 Another example within a similar
line of reasoning is the separation of structural processes

accompanying PVT changes into evaporation/expansion contri-
butions, which balance voids and ‘‘a molecular skeleton’’ in the
bulk.15

Thus, in this work we introduce a two-state model of liquids
which is explicitly based on the physical picture of a change of
its elastic properties instead of any artificial ad hoc corrections
to a single isothermal equation of state. It is aimed at the
extension of the predictive capability of the approach, which
utilizes the normal pressure reference data only, to the range of
pressures up to a GPa range.

The knowledge of a technical fluids thermophysical properties
is necessary for modern research. Advanced technologies and
continuous technological development require more efficient
solutions for several industrial issues, for example, the applica-
tion of dedicated technical fluids with a better parameter as an
operating medium in compressors, cooling systems, energy
storage systems or engines. One of the approaches to overcome
this obstacle is to estimate the thermophysical properties of
new media of engineering significance based on an equation of
state. Equation of state enables the prediction of a technical
fluid’s thermophysical properties that have not been investigated
experimentally, so far. As an example, Lopez’s work is based on
the density scaling concept which requires high-pressure data to
generate the fitting parameters to make volumetric predictions.16

The most novel equation of state models are based on statistical
thermodynamics. The two states FT-EoS model, proposed by us,
was checked for a wide range of alkanes, alkanols, benzene and
silicone oil.

The knowledge of density under high pressure is incredibly
important in terms of engineering studies. It is a basic parameter
used to determine the isobaric thermal expansion coefficient
which is one of the most desired thermophysical properties in
terms of physicochemical process design, as well as heat capacity.
Both of these are used for the calculation of either heat flow,
heat transfer or mass transfer in any significant processes in
engineering. The knowledge of the isobaric thermal expansion
coefficient as a function of the temperature and the pressure is a
significant input value for solving the energy and continuity
equations in fuel injection systems under high pressure or novel
diesel injectors and engine construction.17,18 The high-pressure
technologies are used for increasing the efficiency of processes,
reducing the emission of pollutants and saving material and
energy resources.19

2 Model
2.1 Two states of elasticity

The bulk moduli defined by the general expression (2) for n = 1
and n = 0 written in the form that explicitly refers to the
isothermal compressibility k0

T corresponding to the reference
pressure P0 can be written as

KFT ¼
r
r0

� �
k0T
� ��1

1þ lk0T P� P0ð Þ
� �

(3)
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and

KM ¼ k
00
T

� 	�1
1þ lk

00
T P� P0

0
� 	h i

; (4)

where l = K0/K0, and the prime symbol is introduced simply to
denote that the standard reference thermodynamic conditions
may (but not obliged) be different. The parameter l could also
be expressed as l = kr0. Here, the coefficient k is the function of
density, r0, and the isothermal compressibility, k0

T, defined as a
function of temperature as (see ref. 9):

k ¼ � 1

r0
� dr0

dT

� ��1
1

T
þ d logk0T

dT

� �
: (5)

The expression (4) has a well-motivated thermodynamic
background as it keeps the first term in the thermodynamic
potential expansion, which results in non-linearity for the
stress–strain relation in the case of an isotropic uniform elastic
continuum.20 Here this expression is given in Murnaghan’s
choice of general parameters.21

Eqn (3) contains exactly the same expansion with respect
to the pressure but it is multiplied by the factor r/r0, which
describes a kind of reduced density. Note that this factor is also
known in the theory of elasticity as a first reduced density
dependent correction obtained within the effective averaged
representation of the elastic constants for porous media.22,23

It should be pointed out that the packing fraction for liquids
determined as j = r/rvdW, where rvdW = M/VvdW is the van der
Waals density (VvdW is the van der Waals molar volume), varies
within the interval from the random close to random very loose
packing (j E 0.52–0.62) from freezing to boiling conditions
along the saturation curve. The concept of random packing,
which provides definite values for the respective coefficient,
can be defined in a strict mathematical way for spherical and
slightly aspherical particles, only. But at the same time, the
existence of a substance in a liquid state falls in the corres-
ponding range of the density ratios j for the case of chained
liquids too. Thus, we can operate with this parameter as with
an averaged characteristic number without the details of the
topology of the molecular placement in the bulk volume.

Respectively, moderate external pressures lead to closing
holes in the bulk but the medium remains loosely packed and
the respective model (3) remains valid. However, this closing of
‘‘holes’’ leads to a faster growth of the effective density, and, as
a result, the bulk modulus (3) grows faster too in comparison
with (4), which originates from elastic repulsion of the packed
molecules themselves. This effect has been qualitatively dis-
cussed by P. G. Bridgman in his analysis of experimental data24

for an extremely large change of the applied external pressure
to liquids.

The direct integration of eqn (3) and (4) along isotherms
from results in the FT-EoS

r = r0 + k�1 log[k0
Tl(P � P0) + 1]. (6)

and Murnaghan’s equation

r ¼ r0
0
k
00
Tl P� P0

0
� 	

þ 1
h il�1

; (7)

respectively.
Eqn (6) and (7) substituted into (3) and (4) give the relative

isothermal compressibility as a function of the relative density:

kT
k0T
¼ r0

r
exp �l r� r0ð Þ½ � (8)

and

kT
k00T
¼ r0

r

� ��l
: (9)

Note that neither (8) and (6) nor (9) and (7) reproduce the
experimental data for the whole range of pressures from the
atmospheric points up to very high values, but each one covers
its own range of pressures. Since the calculated isothermal
compressibilities always have larger uncertainties than the
directly measured densities (see the discussion in ref. 8), it is
more convenient to consider (6) and (7) in the specific co-ordinate
representations (along isotherms)

exp[k(r � r0)] = k0
Tl(P � P0) + 1 (10)

and

r
r0
0

� �l

¼ k
00
Tl P� P0

0
� 	

þ 1 (11)

as functions of the pressure optimizing l in the right-hand side
in such a way that the resulting plots are much more close to
straight lines within some region of pressures.

Fig. 1 shows an example of the course of the function’s
variability of k0

Tl(P � P0) + 1 which is computed using the true
experimental data in semi- and double logarithmic scales that
should be linear, eqn (10) and (11), respectively. The first case

Fig. 1 Deviation of the linear behaviour for the natural logarithm of
equations – (a) eqn (10) and (b) eqn (11); solid lines – calculated values
for n-heptane,25 dash lines – linear fit.

PCCP Paper

Pu
bl

is
he

d 
on

 2
8 

Ju
ne

 2
01

9.
 D

ow
nl

oa
de

d 
by

 U
ni

w
er

sy
te

t S
la

sk
i o

n 
7/

10
/2

01
9 

3:
45

:2
0 

PM
. 

View Article Online

35

36:7248668874



Phys. Chem. Chem. Phys. This journal is© the Owner Societies 2019

(Fig. 1a) shows a set of straight lines which are added for visual
guidance, and there are visible deviations from the linear
behaviour beyond some point on each isotherm.

In the second case (Fig. 1b), these visible deviations are
observed, in the range of small pressures/densities, while the
experimental curves tend to run straight with the increase of
pressure up to very high values.

This is the principal point of the two states model approach
that curves transit to elastic-solid-like (Murnaghan’s behaviour)
while packing density tends to an amorphous solid-like liquid.
These straight lines which are on the fitting line accurately
satisfy experimental data, both for small and high pressures
separately. However, due to an absence of any phase transitions
along an isotherm, the coefficients in eqn (6) and (7) should be
coordinated in such a way that it assures a continuity of the
density and the isothermal compressibility (as expressed via the
first derivative of the density). This means that l, k0

T, and r0

apply for the moderately small pressures as calculated from fits
to the experimental data measured at atmospheric pressure,

while the second set of reference values, r0
0, and k

00
T , should be

taken at the reference pressure P0
0 corresponding to the transi-

tion point between two models of elasticity, separately for each
isotherm.

2.2 Method

There are two possible outcomes from the proposed two-state
model for practical predictions of thermodynamic quantities of
liquids under extremely high pressures: (i) a pure predictive
calculation in the case when there is no high pressure reference
data and a certain freedom in the choice of an isotherm is
required; (ii) a possibility to continue some trend line fitting
the experimental density data, measured along an isotherm
up to moderately small pressure values, up to extremely high
pressure conditions.

Since the most practical goal is to predict high pressure
density of liquids without the need of complicated experiments
at increased pressures, we concentrate on the purely predictive
approach.

For input data, the FT-EoS requires the knowledge of several
easily measurable physicochemical quantities: the density, r0,
the isobaric heat capacity, cp,0, and the speed of sound, c0, at
the atmospheric pressure only. The physicochemical quantities
mentioned above provide the values of isothermal compressibility
at atmospheric pressure, kT,0, from a well-known relationship:

kT ;0 ¼
1

r0c02
þ Tap;0

2

r0cp;0
(12)

Furthermore, the density and the isothermal compressibility
at atmospheric pressure should be fitted, generally to square or
cubic polynomials: a suitable choice of polynomials is required
for the control of accuracy of the log(n(r)) behaviour. Their
differentiation according to eqn (5) provides the principal
parameter l = kr0, and, respectively, the calculation of the first
part of the density curve along an isotherm via eqn (6), which
should be used up to the transition pressure P0

0. Note that

eqn (5) does not depend on the molar weight and may be
applied to liquid mixtures with a complicated composition
as well.

This value P0
0 may be determined either by finding the

density r0
0, which corresponds to the packing fraction about

the value of j E 0.59 with respect to the known van der Waals
density of the liquid under study, or taking r0

0 as approximately
r0
0 = 1.04r0

melt, where r0
melt is the freezing density at atmo-

spheric pressure.12 The former criterion is applicable for pure
liquids and has some definite uncertainty for strongly non-
spherical molecules due to their non-trivial volume tiling. This
will be clearly shown in the subsequent prediction results for
pure liquids, where this approach was applied. At the same
time, this property of molecular arrangement influences the
solidification.26,27 Thus, this packing criterion can be applied
directly as giving solid-like density (although the substance
remains in a liquid state due to its temperature is higher than
the freezing point at atmospheric pressure) that satisfies the
proposed two states model. In addition, this density can be
easily determined experimentally for any kind of molecular
liquids or their mixtures simply by their cooling and weighing.
An example of such an approach will be demonstrated utilizing
the technical liquid mixture of silicone oil.

As the final step, this density will be taken as r0
0, k

00
T will be

found using eqn (3) and they will be substituted into eqn (7) for
P 4 P0

0 to find the respective density in the second region.

3 Results

As an example, the two states model was used to predict volu-
metric properties of n-alkanes, n-alkanols and benzene, which
are typical representatives of non-polar, polar, and aromatic
substances. For this work we compared the existing high-
pressure data of linear alkanes, primary alkanols and benzene
to our model. As input data, the density and isothermal
compressibility at atmospheric pressure only were used to
predict the density under increased pressures. The isothermal
compressibility was usually calculated from eqn (12), when
all necessary experimental values existed. Otherwise, the iso-
thermal compressibility was calculated by using an acoustic
method.28,29 The knowledge of the density, the isobaric heat
capacity at atmospheric pressure and the speed of sound as a
function of temperature and pressure were used.

To illustrate the typical results in detail, let us consider
predictability of different thermodynamic parameters for n-heptane,
using the experimental data given in ref. 25 for comparison. Fig. 2
shows the experimental density values as a function of the pressure
(markers) and the calculated results obtained using eqn (6) and (7)
merged according to the continuous transition between them as
mentioned above (solid lines). It is worth noting that this transition
point occurs for every isotherm in a different point. By using
the FT-EoS, the lower values of densities were obtained; on the
other hand using Murnaghan’s equation of state, higher values
of densities were obtained. Therefore, the above results became
a contribution to the whole curve within the two states model to
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predict the density as a function of the temperature and
pressure. To confirm an advantage of the proposed approach
over a single equation considered for the whole wide region of
pressures, two additional sets of curves (dashed and dotted
lines) are added to Fig. 2. The dashed curves present the result
of the FT-EoS which underestimates the density as pressure
increases. The dotted curve represents the results of the Murnaghan
equation which uses the same atmospheric pressure parameters.
In this case, while reproducing the initial range of densities (that
is natural since both eqn (6) and (7) have the same polynomial
expansion for small P), one can clearly see the overestimation of
the density at high pressures. This is explained by the irrelevant
assumption of non-linear solid-like elasticity at small increased
pressures.

To confirm the basic assumptions of the reduced density
fluctuation behaviour change under increasing pressure, we
also check the course of the logarithm of this quantity defined
by eqn (1) that is shown in Fig. 3. It is seen that up to densities
around 750 kg m�3 all markers which denote ln(n) are calculated
on a base of known experimental data which are reproduced on
one straight line. The respective analytical approximation with the
determined parameters using the data measured at atmospheric
pressure, are shown as the solid line. This reproduces the
experimental points with high accuracy. For larger densities,
this unique universal line is split into separate dependencies
respectively to each isotherm. However, the continuation of
the previous analytical line to Murnaghan’s functional form
applied according to the two states model reproduces this
splitting as well.

Additionally, the proposed two states model works also for
liquid mixtures. As an example, we presents silicone oil 9981
LTNV-70 which is shown in Fig. 4 for five isotherms and
the pressure range up to 860.2227 MPa.30 Here, to show the
behaviour of eqn (1), the molar mass (undefined for the substance)
and gas constant were omitted. But since the combination M/R is a

constant, it’s value produces a uniform parallel shift for ln(n) which
does not affect its density-dependent behaviour. It is worth noting
that this mixture was used in our previous work where we predicted
the density only using the FT-EoS.12 The deviation with using
FT-EoS for T = 491.48 K and P = 860.22 MPa was 3.15% and now
with using TSM error decreased to 0.68%. For more details, please
see Table S4 in the ESI.†

As a next step, the reproducibility of the isothermal com-
pressibility, kT, has been checked. It is an important benchmark
since kT is a derivative quantity. As a result, it is quite sensitive
to various small disturbances even if reproducing the integral
quantity, the density, looks reasonable.8 The inverse of eqn (3)
and (4) was taken to calculate the isothermal compressibility as
a function of temperature and pressure with parameters used
for the density calculations described above taking into account
the transition rule.

Fig. 5 demonstrates the results along isotherms in compar-
ison with the experimental data for the lowest and the highest

Fig. 2 Plot of experimental values for the density of n-heptane25 and their
values obtained for three isotherms (black – 303.15 K, red – 313.15 K,
green – 333.15 K: dashed lines – eqn (6), dotted lines – eqn (7), solid lines –
merger two equations eqn (6) and (7), empty markers – experimental
data).25

Fig. 3 The behaviour of ln(n) as a function of density for n-heptane for
four isotherms: 303.15 K – black, 313.15 K – red, 333.15 K – green, 353.15 K –
blue.

Fig. 4 The behaviour of ln(1/(TrkT)) as a function of density for silicone oil
9981 LTNV-70 for five isotherms: 273.15 K – black, 298.15 K – red,
310.93 K – green, 372.04 K – blue, 491.48 K – cyan.
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temperatures given in ref. 25. One can see that this quantity is
also reproduced with a good accuracy.

Finally, Fig. 6 shows relative errors of the density predictions
for the full set of processed liquids: n-alkanes (243.15–433.15 K,
up to 1100 MPa), alkanols (203.15–453.15 K, up to 1200 MPa)
and benzene (298.09–353.15 K, up to 355.3 MPa)25,28,31–37

denoted as markers for each ‘‘temperature–pressure’’ pair.
Overall, 2138 data points were processed. The average absolute
deviation from experimental data for polar and non-polar
liquids are: n-alkanes – 0.28%, alkanols – 0.17% and benzene –
0.10%. To assure an additional independence between
predicted and raw experimental data, reference values at atmo-
spheric pressure, which are necessary in the proposed method,
were taken for a majority of substances from the NIST
database.38

In light of this work, we conclude that the proposed two
states model approach could be used to truly predict with a

high accuracy the density as a function of temperature and pressure.
The detailed report is shown in supplementary tables (ESI†).

4 Discussion

Anomalous thermodynamic properties of highly compressed
liquids, including the transition point which occurs in our
approach, were already observed and discussed in the context of
isotherms of the isobaric expansion coefficient ap = �r�1(qr/qT)P

crossing at certain pressure24,39,40 that was hypothesized as a
consequence of different excitability of the inner degrees of free-
dom of molecules brought into too close contact by high degree of
compression. A similar effect and its origin were also detected in
the behaviour of the dimensionless bulk modulus (reciprocal
compressibility).41,42 Recently it has been shown11 that the beha-
viour of the reduced bulk modulus, which can be associated with
the fluctuation parameter eqn (1) and isobaric compressibility
isotherm can be considered as a consequence of the packing ratio
for molecules having their shape close to the spherical one.

Here we can generalize this picture to the case of molecules
with sufficiently different shapes and chain lengths. For all of
them, the initial region of moderately high densities exhibits
the universal exponential behaviour of n followed by the sub-
sequent formation of separate curves as it is demonstrated
in Fig. 3 (certainly, only the shape is kept even though the
parameters are substance-dependent). As well, this feature
can be reproduced by considering the crossover from FT-EoS
to Murnaghan’s isothermal equation of state at some density
corresponding to the packing fraction j = r/rvdW expressed
through the van der Waals density of molecules.

Now, instead of taking this parameter j as a packing ratio
for the random loose packing of spherical (or quasi-spherical)
particles or its estimation by the freezing density, let us consider
its direct optimization with respect to the best for reproducing
the experimental density by the two states model. Specifically,
we use the best fit of this parameter resulting in the smallest AAD
errors for available experimental density data from atmospheric
to the highest available pressures. Table 1 presents the average
values of j and values for parameter k, which is used to
determine parameter l in the next calculations, for n-alkanes,
n-alkanols and benzene obtained in this way.

Table 1 shows that the packing fractions j belong to a
limited range of values for non-polar as well as polar liquids,
and this range is expanded from the upper limit of random
loose packing and to the range of close random packing
density45 and parameter k. This confirms the ideas of the close
molecular contact11,39 as an origin of changes in volumetric
response of liquids to the growing applied pressure. In addition,
the values of j, which are higher for n-alkohols than for non-polar
liquids are supported with physical and chemical arguments,46

which indicates the possibility of significant structural transitions
in this liquid under high pressures. Table 1 shows also the
behaviour of the parameter k. Our applied method takes into
account small changes in this parameter as a function of the
temperature.9

Fig. 5 Plot of calculated isothermal compressibility, kT, for n-heptane25

as a function of pressure for two isotherms: 303.15 K and 353.15 K; open
circle – experimental values, solid lines – calculated values by a two states
model.

Fig. 6 Absolute deviations between experimental density, rexp, and
predicted density, rcalc, data for all liquids25,28,31–37 obtained by using the
two states model as a function of pressure.
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It should be pointed out also that this evidence of necessity
is required to operate when a liquid reaches and overcomes
some transition density and behaves as a substance with solid-
like elastic properties. With some recent results of numerical
simulations, similar phenomena to this transition were found.
Among them one can note qualitative changes in the corres-
ponding reduced compressibility behaviour of the fluid formed
by bowl-shaped particles,47 transitions in the character of diffu-
sivity (unavoidably connected with local density fluctuations),48–50

viscosity51 and free volume arguments considering the Murnaghan
equation for liquids as an approximation for the small free volume
among the volume occupied by particles with their specific bulk
modulus.52

5 Conclusions

The search for equation of states, which can be used for
predictive calculations of thermodynamic properties, such as
derivative, of liquids with accuracy comparable to the respective
experimental data has remained for years a challenging task of
physics and physical chemistry,5,36,53,54 and has resulted in
manifold solutions ranging from simple phenomenological
models valid for limited ranges of PVT parameters to compli-
cated constructions based on extremely multiparametric fitting
of experimental data.

In this work, we propose an alternative approach based on
the rejection of a single equation of state aimed at reproducing
volumetric properties of liquids in the whole interval of pres-
sures of their existence in the liquid state in favour of merging
two equations of states which are valid for the separate ranges
of the supplied density with the crossover rule for the transition
between them, i.e. the two states model. This proposal is based
on the experimental evidence of the different elastic behaviour
of liquids indicated by their bulk moduli and reduced density
fluctuations.

The resulting predictive scheme requires only the prior
knowledge of some temperature dependent physico-chemical
data (the speed of sound, the density and the isobaric heat
capacity) at atmospheric pressure, which can be easily obtained

experimentally. The comparative analysis of predictive capacity
of this approach was evaluated by the case study of different
prototypical molecular liquids. This accuracy is in agreement
with real physical high-pressure experiments up to a GPa range.

Finally, this two-state volumetric approach appears to be
physically coordinated with a variety of recently revealed arguments
in favour of ‘‘gas–liquid-like/solid-like’’ duality of liquid states
reflected in the thermophysical14 and transport properties.51
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In this work, we explore the possibility for calculating the isothermal compressibility of Ionic Liquids at atmo-
spheric pressure by combination of the CATBOOSTmachine learning library andWada's rule. The CATBOOST predicts
the isothermal compressibility at 298.15 K using the density at the same temperature, the critical temperature
and pressure, the molar mass, and the acentric factor. The obtained value plays the role of reference one com-
bined with the power-law dependence on the density to get the target compressibility in a wider temperature
range. The isothermal compressibilities for 35 Ionic Liquids, given in literature, were used for the comparison
and its analysis. The average result at 298.15 K was 6.0% while for the whole range of temperatures was 6.2%.
The influence of machine learning parameters on the prediction is discussed.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Thiswork is dedicated to Prof. EmmerichWilhelm on the occasion of
his 80th birthday.

The isothermal compressibility is a key physicochemical property of
liquids, and is defined by the first-order derivative of the volume with
respect to the pressure:

κT ¼ −
1
V

∂V
∂P

� �
T
:

This expression can be also given in terms of fluid density, as follows

κT ¼ 1
ρ

∂ρ
∂P

� �
T
:

The above definitions are the basis for the direct method of κT
determination based on the high-pressure volumetric (density) liquid
experimental data. Additionally, κT can be determined by the very
well-known indirect rigorous thermodynamic method through the adi-
abatic compressibility κS. Since the propagation of ultrasonic waves in
liquids is an adiabatic process, the adiabatic compressibility κS can be
determined from the speed of sound, u,

κS ¼ 1
ρu2

and can be related to κT through the relationship [1–3]:

κT ¼ κS þ
Tα2

P

ρCP
:

The isothermal compressibility is an important physical parameter
of liquids, and strongly depends on the structure of the liquid. The inves-
tigations of isothermal compressibility of liquids are able to give various
information not only on the thermodynamic behavior of different clas-
ses of liquids but also on their structure. The isothermal compressibility
is connected to the radial distribution function of liquids [4–8].

Some of early works by Professor Emmerich Wilhelm were about
isothermal compressibility in the models of simple liquids, which com-
bine hard-sphere system (Carnahan-Starling approximation) with the
van der Waals attractive term [9,10] in the case of reproducing realistic
experimental data. In his works all mechanical coefficients and the de-
rived quantities were calculated from the relationship which, in princi-
ple, have no parameters to be adjusted.

As for the more recent works, an attention to the isothermal com-
pressibility was drawn as to a component of the factor, which is in-
cluded into the expression for the internal pressure:

Pi ¼ T
αP

κT
−P
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within the context of its connection with intermolecular interactions in
puremolecular liquids andmixtures and predictability of their volumet-
ric properties in a wide range of state parameters [1,11,12].

It should be pointed out that the various cubic equations of state
well-developed for modelling coexistent multiphase (vapour-liquid as
well as mixtures) systems are practically not applicable for the highly
compressed uniform substances [13]. This situation induces another ap-
proach, which was once called “three-dimensional density correlation
system” (TRIDEN) [14]. It operates with three separate equations: one
for the saturated density, commonly it is the Rackett equation [15,16]
also known as DIPPR 105, the second one is an equation, which defines
the saturated pressure Ps (e.g. Wagner's or Antoin's equations) and the
third one defines the density of a compressed liquid along isotherms,
e.g. by the Tait equation, which can be written in the form, which con-
tains the isothermal compressibility κTs = κT(Ps) at ambient or saturation
curve pressure as a parameter:

v
vs

¼ 1−r−1 ln rκs
T P−Psð Þ þ 1

� �
: ð1Þ

where v and vs are the specific volumes at the pressures P and Ps, respec-
tively, and r is the parameter constant for each isotherm but tempera-
ture dependent (it can be found only phenomenologically). However,
this approach requires knowledge of the high-pressure density mea-
surements and, in fact, implies not a prediction by simple derivation of
the isothermal compressibility from the density data.

The first reasonably successful attempt to predict the isothermal
compressibility purely from knowledge of constituents of a substance
was undertaken by Y.Wada [17], who introduced the concept of molec-
ular compressibility, for which the following statement (now known as
the Wada's rule) fulfils:

M

ρκ1=7
T

¼ const, ð2Þ

where M is the molar mass and the constant can by calculated by the
group contribution method. Later, a number of other empiric correla-
tions considered as universal, was proposed [18–21]. However, they
are valid as a rule for non-polar andweakly polar liquids (and not appli-
cable to Ionic Liquids) and may require knowledge of at least some ex-
perimental reference point to adjust the coefficients for achieving an
acceptable accuracy.

One of the most first attempts similar to the present approach was
proposed in the work [22], where the authors consider κT at 298.15 K
as a linearweighted combination ofMcGowan'smolecular volume, spe-
cific volume, the isobaric expansion coefficient and the pressure. How-
ever, the results were limited by standard molecular liquids, and
variability of required weights for different chemical classes of liquids
was noted.

The main aim of this work is to find a tool for prediction the isother-
mal compressibility for ionic liquids as a function of temperature at at-
mospheric pressure with accuracy acceptable as comparable with the
uncertainty recently known experiment-based data.

For ionic liquids, there was a trial to correlate the isothermal com-
pressibility with the surface tension [23] but a weak correlation has
been revealed that was interpreted in terms of a complex packing of
the ions and specific properties of cohesive energy density, which dras-
tically differ Ionic Liquids from more conventional molecular liquids.

Gardas and Coutinho reviewed group contribution methods for pre-
diction the isothermal compressibility of ionic liquids, based on the
types of cations and anions [24,25]. Similar approach was applied in
the work [26] for a wider temperature range, focused on the values of
coefficient of the Tait equation, from which, however, the isothermal
compressibility can be easily derived. But it should be pointed out that
the reference work dealt more with the fitting approach, i.e. the pro-
posed equations were tested respectively to unified reproducing

properties of the substances used for their derivation rather than for
true forecast of parameters for liquids completely not included into
the set.

It is worth noting that Abildskov et al. proposed twomethod to pre-
dict the isothermal compressibility, first is empirical with 3 parameters,
and the second is theoretical approachwith 2 parameters, which is con-
nected to a method for predicting gas solubilities in Ionic Liquids [27].
They tested both methods for 28 different ionic liquid systems.

Recently, machine learning algorithms start to attracts attention as a
tool for predictive calculations of physical and chemical properties of
liquids. This situation is based on the fact that suchmethods allow oper-
ating with a large set of chemical descriptors and, respectively, reveal
hidden dependencies affecting the target quantities [28]. Among a vari-
ety of machine learning approaches, one can highlight CATBOOST – an al-
gorithm for gradient boosting on decision trees developed by the
Yandex corporation, which is specialized in search and information ser-
vices [29,30] and made free to use an open-source project [31]. During
last years, it has been applied to a wide variety of problems in the
areas of network systems, medicine, biology and biochemistry, see
[32]. The key features, which makes CATBOOST prospective for our goal
is the possibility of using both numerical values and categorical features
(character strings) as identifiers. Thismeans that a native support of an-
ions and cations names taking into account possible correlations within
homologous series without any artificial assignment of numbers (e.g.
empiric weights) to them. As for the numerical identifiers, the tree-
based subdivision of the parameter space results in a more physically
motivated discussion of the identifier's range influence in comparison
with purely empiric correlations and “black box” algorithms like nu-
merical networks.

2. Materials and methods

Being based on the correlations between isothermal compressibility
and the characteristics of molecular liquids considered earlier [18,22],
the following numerical values were chosen as identifiers: the density
at 298.15 K, ρ298, the critical temperature and pressure Tc and Pc, the
molarmassM, and the acentric factorω. The isothermal compressibility
κT298 as the target quantity for training and forecastwas also considered
at 298.15 K.

Since the available datasets contain values for the density and the
isothermal compressibility provided for various temperatures, they
were fitted for uniformity following the scheme proposed and tested
for chosen by us Ionic Liquids in the work [33]: by quadratic polyno-
mials of the temperature fitting the density and the natural logarithm
of the isothermal compressibility (in several cases when no more then
three values were found in the literature, the quadratic polynomial
was replaced by the linear one). Thus, the values of ρ298 and κT298
given by these polynomials were used in the calculations. It should be
pointed out that while for the density the relative average deviation
(AAD) between fitted and experimental data does not exceed 0.07%
for all substances from the dataset, the regularity of the experimental
data values for the isothermal compressibility is sufficiently poorer.
After a detailed inspection of the datasets, we excluded the κT of those
substances, which possessed either an abnormally large scatter that
makes impossible to reveal an accurate trend or physically suspicious
behavior such as the decrease of the reported isothermal compressibil-
ity with rising temperature.

Thus, only 35 ionic liquids were chosen for the further study; for
them AAD = 0.07% for the whole dataset, and the maximal deviation
from the fitting curve is equal to 0.2%. However, it should be stressed
out that these small deviations characterize the fitting procedure only
and are not related to the uncertainty of the original data especially tak-
ing into account that for the majority of these liquids there is often a
unique set of measurements and the values of κT were obtained from
the coefficients of processed raw data, as a rule, from the Tait's coeffi-
cient, see Table 2, that induced additional uncertainty up to 5% end
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evenmore. Note also thework [34], whichmentioned frequent discrep-
ancies up to 9% between the results reported by different sources for the
internal pressure in Ionic Liquids that primary originates from uncer-
tainty in the values of the isothermal compressibility either reported
by different authors or calculated from experimental data by different
numerical methods.

All subsequent procedures were carried out using CATBOOST's realisa-
tion for Python programming language [31]. The input data formed a
pool, which consisted of training parameters (two indices of columns
containing the categorical features were denoted), training labels (the
experimental values of the isothermal compressibility at 298.15 K),
and the training features names.

To be assured of the self-consistency of the applied regression by the
tree-based search decomposition, wemade the optimization procedure
for the CATBOOST's algorithmwith respect to the tree depth and L2 regu-
larization taking into account the limitednumber of points available and
avoiding so-called overfitting [31]. Themethod subdivide the full multi-
dimensional parametric space into finite-size cells and associates the
output values with the most probable values within such cells deter-
mined by the sequential choices along trees. As it is demonstrated in
Fig. 1, the regression uncertainty for such a small dataset (the tree
depth and the L2 regularization value are equal to 4 and 7, respectively)
does not exceed 5% that is acceptable the typical range of the isothermal
compressibility determination.

For predictive calculations of the isothermal compressibility at
298.15 K, we applied the following workflow: the full dataset was
subdivided into the training set, which contained identifiers and the ex-
perimental isothermal compressibilities for all liquids except a particu-
lar one and the test set, which contained identifiers for the Ionic Liquid
under study, the compressibility ofwhich should be predicted. This pro-
cedure was repeated separately for all liquids considered. It should be
pointed out that such approach is more preferable than a simple artifi-
cial subdivision of the full dataset into two parts, which one is used for
training and another – for testing since it allows usage a larger amount
of data for training (that is important due to the limited availability of
experimental data) and, simultaneously, does not violate the require-
ment of complete independence of the training dataset and the input
parameters for the predictive test.

As a result, 35 possible different combinations (34+1)were consid-
ered. During thisworkwewere using experimental data available in the

literature from the following sources [35–53]. The critical parameters
were taken from [54].

The input data formed a pool, which consisted of training parame-
ters (two indices of columns containing the categorical features were
denoted), training labels (experimental values of the isothermal com-
pressibility at 298.15 K), and the training features names. The training
process was carried out with this pool applying CatBoostRegressor

with the depth of trees equal to 4, L2 leaf regularization parameter
equal to 7, and the number of iterations was the system's default
value 1000 that as controlled by the tracing of the process's conver-
gence. The rootmean square error (RMSE)was used as the lost function
and the respective learning rate was adjusted automatically. Fig. 2 illus-
trates the RMSE convergence using the data for all Ionic Liquids except
[bmim][tca] as an example of training set. One can see that the RMSE
is stabilised up to the threatening process and reaches the value
ΔκT = 1.9 ⋅ 10−11 Pa−1, which is comparable with the standard uncer-
tainty range for the experimental data considered. The resulting RMSE
were recorded for all Ionic Liquids and reported. In addition, the sorted
list of feature importances normalised to 100% revealed by the
CATBOOST's built-in functions was determined and recorded.

The obtained trained model was applied to predict the isothermal
compressibility of the Ionic Liquid excluded from the training using
identifiers of this liquid as the input dataset. This value κ T

pred(298.15)
found for the temperature value 298.15 K was combined with the re-
gression of the experimental data on the density to predict the isother-
mal compressibility within the temperature range, when the latter
exist, accordingly to Wada's rule (2) as follows

κpred
T Tð Þ ¼ κpred

T 298:15ð Þ ρ 298:15ð Þ
ρ Tð Þ

� �7

: ð3Þ

3. Results

Table 2 presents the estimated relative uncertainty of prediction and
well as the comparisons with the test data, which are given as the rela-
tive deviation of the CatBoots-predicted data from experimental-based
ones at 298.15 K that equal to 6.0% in average over the whole set, and
AADs for the whole interval of temperatures, equal to 6.2%, when the
prediction uses the combination of CATBOOST predictions with Wada's

IL (numbers in the list)
0 5 10 15 20 25 30 35

, %

-5

-4

-3

-2

-1

0

1

2

3

4

5 (1) [bmim][PF6]
(2) [hmim][PF6]
(3) [bdmim][PF6]
(4) [moim][PF6]
(5) [bmim][BF4]
(6) [emim][BF4]
(7) [hmim][BF4]
(8) [omim][BF4]
(9) [mbupy][BF4]
(10) [bpy][BF4]
(11) [hmim][Cl]
(12) [bmim][Cl]
(13) [6,6,6,14-P][Cl]
(14) [deim][bti]
(15) [6,6,6,14-P][bti]
(16) [emim][bti]
(17) [prmpy][bti]
(18) [bdmim][bti]
(19) [bmim][bti]
(20) [bmpyr][bti]
(21) [hmim][bti]
(22) [hpmim][bti]
(23) [omim][bti]
(24) [moemim][bti]
(25) [bmim][Ac]
(26) [6,6,6,14-P][Ac]
(27) [emim][TfO]
(28) [bmim][TfO]
(29) [emim][dca]
(30) [bmim][dca]
(31) [bmim][tcc]
(32) [bmim][C8S]
(33) [bmim][tca]
(34) [bpy][bti]
(35) [N-epy][bti]

Fig. 1. The test of self-consistency of CATBOOST's data regression model, which indicates relative deviations of the considered experimental compressibilities of ionic liquids used in this
study from the model regression data.
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rule. Note that these values indicate the general characteristic of the ap-
plied trainedmodel as awhole, and, in particular is comparablewith the
uncertainty boundaries determined above within the self-consistency
test. At the same time, a separate attention is required to the reproduc-
ibility of individual data on the isothermal compressibility, in particular,
with respect to interplay of largest individual deviations, see Fig. 3 and
the ranges of the input dataset of parameters.

Let us remind that the CATBOOST is a generalization of the analysis of
trends on themultidimensional space of parameters andmultiple over-
lapping subdivisions of these parametric space as cells, to each of which
somemost probable value of isothermal compressibility, κT, is assigned.
Therefore, the prediction of the latter is associated with a kind of inter-
polation procedure, when the input parameters characterising the

substance under study are within the range of parameters defined for
the training set, and is a kind of extrapolation, when some input param-
eters are outside the range, forwhich the trainingprocedurewas carried
out. Naturally, the prediction uncertainty differs for these two qualita-
tively different cases. In addition, different parameters can have differ-
ent impact on the results of prediction. One of the main advantages of
the CATBOOST algorithm in comparison with multiple machine learning
approaches is that it explicitly reports importances of the parameters
in such subdividions and/or trends. As it is seen from Table 1, where
the average results for feature importances are shown, the molar
mass,M, the critical temperature, Tc, and the cation are revealed in par-
ticular as the most important parameters for designating isothermal
compressibilities for the whole set of ionic liquids considered in this

Fig. 2. An example of the root mean square error (RMSE) convergence during the CATBOOST's training process.

Fig. 3. Relative deviations between the predicted and experiment-based isothermal compressibility at 298.15 K. Red stems highlight those substances, for which either themolar mass or
the critical temperature is outside the range of these quantities for the training set; the magenta stem corresponds to the ionic liquid, which has ρc, ω, and ρ298 outside of the range of
training parameters.
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work. The detailed report for all liquids studied separately is shown in
Table S3 in the Electronic Supplementary Information (ESI). It is seen
from this table that this mentioned ranging of the parameter impor-
tance fulfils for individual substances too: they vary from
(40.43–55.47) % for the molar mass, (11.57–22.16) % for the critical
temperature, (9.34–21.02) % for the cation, (3.09–9.46) % for the acen-
tric factor, (3.83–7.41) % for the critical density, (3.02–5.80) % for the
density at 298 K, and (2.78–12.96) % for the anion, respectively.

The two most valuable parameters revealed by the CATBOOST, the
molar mass and the critical temperature, are well-coordinated with
the general concepts of physical chemistry of liquids. In particular, the
most strong dependence on the molar mass is coordinated with the
fact that the ILs with higher molar volumes are generally more com-
pressible because the isothermal compressibility increases with the
alkyl chain length of the cation [55,56]. The second valuable parameter
– the critical temperature also follows some established regularities. In
particular, it has been noted that the saturated isothermal compressibil-
ity of a variety of molecular liquids depends on the combination Tc − T
[57]. At the second, Wada's rule (2) declares the dependence on the
density, which, in turn, is also a function of the temperature distance
from the critical point according to the well-established Rackett equa-
tion that fulfils for ionic liquids too [54]. Thus, the predictive method
operates with the value of the isothermal compressibility at the fixed
temperature T=298.15 K, the value of the critical temperature defines
the temperature difference, which is an important control parameters
within this line of reasoning. As for the relative importance of cations
and anions, it may be connected with the occurrence frequency of the
same ions in the training set. Since they are categorical features, the
CATBOOST tries to maximise the probability of following ionic homolo-
gous series from the available training combinations.

Thus, this line of reasoning gives some hints on the interpretation of
the largest deviations shown in Fig. 3. In particular, the two largest ones,
revealed for [emim][BF4, 6,6,6,14-P][bti] (highlighted in red in Fig. 3)
exactly correspond the mentioned case: both the molar mass and the

critical temperature of [6,6,6,14-P][bti] are outside the range of respec-
tive parameters used for training, and same is fulfilled for the critical
temperature of [emim][BF4]. Another outlier, visible for [N-epy][bti]
(highlighted in magenta in Fig. 3) has out-of-training range of less valu-
able parameters only but for all three of them, and, in addition, its cation
(the valuable categorical feature) does not occur in the training set.
Whence, the large prediction error is expectable. The detailed graphical
representation for all ionic liquids studied in the work and all parame-
ters is shown in Fig. S1 in the Electronic Supplementary Information.

Due to the importance of the molar mass and the critical tempera-
tures as numerical parameters, Fig. 4 shows the position of experimen-
tal κT in the plane (M,Tc). The growing size of numbers corresponds to
the growing value of κT. Thus, the size of numbers, their location and
the errors of predictions, which are shown in Fig. 3, were used for anal-
ysis. There could be observed some lines of regularity associated, includ-
ing, with homologous series with respect to cations already reported by
the CATBOOST as a valuable categorical feature. Fig. 4 supports the afore-
mentioned discussion of the origin of the largest deviation in the predic-
tion of the isothermal compressibility for [6,6,6,14-P][bti]: the
respective marker is already located too far from the rest used as the
training set. On the other hand, although the relative error of prediction
equal to 17.95% is large, it is not catastrophically large because the re-
spective marker in Fig. 4 is biggest, i.e. it follows the regularity of in-
creasing κT with growing M and Tc. This also explains, why the
substance (12), [bmim][Cl], which is formally marked as red in Fig. 3
has a very small error of theprediction. It is thefirst in the respective lin-
ear sequence of markers in Fig. 4 but is not distant from the accurate
next ones, (11, 25) and the growing size of these and subsequent
markers is completely regular.

On the contrary, the markers (14, 18, 19, 21) demonstrates the re-
verse order in size along their sequencewith the growing Tc and the re-
spective relative errors of prediction are not small. This is especially
demonstrable for the marker (21), which is significantly smaller than
the surrounding markers, and, as a result the relative error of approxi-
mation is found as 17.15%. But it should be pointed out that the refer-
ence value of κT was taken not from the direct experimental data
processing but from VR-SAFT calculations [36]. This means that this de-
viationmay originate from insufficient accuracy of VR-SAFT for this sub-
stance and thermodynamic quantity and call for further studies of this
ionic liquid aimed in clarifying its properties. Thus, we can conclude
that the proposed (M,Tc) − κT representation can serve as a visual

Fig. 4. The position of κT in the plane (M,Tc). The inset shows the cloud of overlapping markers in better resolution. Numbers correspond to the legend in Fig. 3.

Table 1
Average results for feature importances (in per cents) for ILs.

M Cation Tc ρc Anion ω ρ298

48.30 16.66 15.92 5.84 4.92 4.81 3.55
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tool, guiding the minimal set of most influencing numerical parameters
that is based on the CATBOOST's feature to report feature importances
quantitatively.

Finally, Fig. 5 (see also numerical values of AAD in Table 2) repre-
sents the relative deviations of the predicted isothermal compress-
ibilities from that ones, which are reported in different sources as
results of experimantal data processing. This prediction is based on
the combination of the CATBOOST-based κT prediction at 298.15 K de-
scribed above and Wada's rule (3) for the rest of temperatures.
Note that we keep in Fig. 5 also those ionic liquids, for which the de-
viation of the isothermal compressibility at 298.15 K are large either
due to their input parameters out of the range warrant for the appli-
cation tree-based regression or questionable values as it is discussed
above. This is made just to trace the temperature dependence implic-
itly taken into account by the usage of the density involved inWada's
rule. For example, the line corresponding to [emim][BF4] exhibit
non-growing deviation with the growth of temperature although it
is valuably shifted from zero since it starts from the shifted point,
see above why. At the same time, it should be pointed out that we
did not provide a prediction algorithm for the temperature depen-
dence of the saturated density. As a result, possible deviating trends
in the temperature dependence of the density that influence κT(T)
depends on the accuracy of the density data directly used in
Eq. (3). However, Fig. 5 demonstrates that such deviations are not
too frequent, the majority of curves are located within the same
10% range of deviations as the reference compressibility value
given by the CATBOOST-based method for 298.15 K.

The detailed report is shown in the Table S2 in the Supplementary
Information (ESI). The tables include all source data, which were col-
lected and used as an input parameters – density at 298.15 K, ρ298, crit-
ical density, ρcrit, isothermal compressibility at 298.15 K, κT298, and
relative standard uncertainty.

The standard uncertainty of the algorithm for each ionic liquid varies
from 1.26% to 3.33%. The best results for isothermal copressibility at
298.15 K were obtain for eight ionic liquds: [bmim][PF6], [moim][PF6],
[bpy][BF4], [hmim][Cl], [bmim][Cl], [emim][bti], [hpmim][bti] and
[omim][bti] where the error did not exceed 2.0%. The worst results,
where the error exceed 13%, were for for Ionic Liquids: [emim][BF4,
6,6,6,14-P][bti], [hmim][bti] and [N-epy][bti] that is a direct conse-
quence of the reasons related to their predicted values at 298.15 K
discussed above.

4. Discussion

The isothermal compressibility is the mechanical coefficient for
which the accuracy is really difficult to estimate even having in hands
a moderately large set of experimental data for different thermody-
namic quantities. Its value depends on the uncertainty associated with
the experimental density data as well as the numerical errors linked
to the fitting equations. To avoid mistakes related to the correct deter-
mination of isothermal compressibility, a large number of experimental
density should be collected [56]. The difference between obtained
values for isothermal compressibility could came from the different
quantities of water in the sample of ILs [60]. The water content in the
ILs affects to experimental density [61], so it has a prior influence on
the error of calculations of isothermal compressibility from definition
or either from the differential form of Tait equation of state.

The most popular method to determine the isothermal compress-
ibility for ionic liquids is primarily the Tait equation of state which pre-
cision of the calculated coefficient is related to the accuracy of the
corresponding parameters A(T), B(T), and C(T) [39,47,55,60,62–66]. It
is also possible to find thermodynamic relation, PC-SAFT, GMA EoS, or
different methods [42,46,53,59,67,68].

For example comparing two values of isothermal compressibility at
the same temperature but published by two different groups, the
error was 18.57% for [hpy][BF4] (at 303.15 K) [65,69], 15.97% for
[bmim][BF4] (at 298.15 K) [40,70], 8.07% for [bmim][bti] (at 293.15 K)
[50,70], 9.59% for [bmim][bti] (at 293.15 K) [41,70].

In the Gaciño et al. [64] work we found that the difference between
their obtained values for isothermal compressibility for [P-6,6,6,14]
[(C2F5)3PF3] in comparisson with Ferreira et al. [71] work have an
AAD of 14.8%. In the same work, they compare Kiselev's method,
where the AAD range from 0.9% for [C1C1im][(C10)2PO2] up to 4.8%
for [P-6,6,6,14][(C2F5)3PF3, 64]. Also Safarov et al. reported that the av-
erage deviation of 14 calculated isothermal compressibility is approxi-
mately 6.6% in comparison with the values by Gu and Brennecke
[39,72]. The greatest deviations were observed in the work [73] where
the authors found the error of the isothermal compressibilities for
[C4C1im][TCM] and [4-C4C1py][TCM] even 78.51 and 71.20%, respec-
tively. Gardas et al. were found deviation of 21% for [omim][PF6] at
0.1 MPa and 323.15 K [56].

Thus, the deviations within the range of 10%, which is provided by
the predictive CATBOOST-based algorithm seems to be adequate to the

Fig. 5. The relative deviations of the predicted isothermal compressibility – whole range of temperature.
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isothermal compressibility at atmospheric pressure for ionic liquids
with uncertainty comparable to the results, which are provided by the
methods of experimental data processing listed in Table 2.

Note that the quite reasonable reproducing the isothermal com-
pressibility within the whole temperature range considered with the
usage of Wada's rule (2) as well as Wada's rule itself can be easily ex-
plained referring to the class of non-cubic polynomial equations valid
along the saturation curve and in the single phase liquids up to moder-
ately high pressures

P ¼ −F Tð Þρn þ Cρm, ð4Þ

where F(T) is some polynomial function of temperature and C is a con-
stant. The first example of this type of equations was proposed by
Eucken [74] with n = 3,m = 6, and F(T) = A− BT but such equations
of state not only had been developed further with different polynomial
degrees [75] but also used up to now for high-accurate fitting experi-
mental data for molecular and Ionic Liquids in a wide range of thermo-
dynamic conditions, see e.g. [76].

From Eq. (4), the isothermal compressibility is derived as

κT ¼ 1
m−nð ÞCρm þ P

ð5Þ

Under atmospheric pressure conditions, when the ambient pressure
P is sufficiently lower than the internal pressure Pi, one can put P≈ 0 in
Eq. (4) and consider the regression

ρ m−nð Þ Tð Þ ¼ C−1F Tð Þ: ð6Þ

A test of such fitting form= 7, n= 4 and F(T) = A− BT applied to
the full set of Ionic Liquids considered in this work gives mean AAD =
0.012% and maximal AAD for individual liquids does not exceed 0.16%.
Therefore, one can neglect by P is Eq. (5) and rewrite in the from

M

ρ κE
T

� �1=7 ¼ M 3Cð Þ1=7, ð7Þ

which exactly coincides with Wada's Eq. (2).
Finally, it should be pointed out that the uncertainty estimation for

the CATBOOST-based predictions should necessary take into account the
range of parameters used as input ones in their relation to the ones,
which are used for the model's training because the regressive type of
the algorithm is sensitive to the difference between the interpolation
and extrapolation and may fail in the latter case.

5. Conclusion

Estimating the isothermal compressibility coefficient is a very diffi-
cult task because it is not a directly measurable quantity. Due to the ex-
perimental uncertainty of the primary experimental data, even the
application of isothermal derivatives of functions fitting the density [3]
can lead to significant errors. The same is true for another indirect ap-
proach, which uses the experimental data of the density, speed of

Table 2
The cation and anion for each Ionic Liquid, the isothermal compressibility obtained at 298.15 K by fitting available experimental data with the respective regression method, the relative
standard uncertainty of prediction by the CATBOOST, the relative deviation of the predicted isothermal compressibility at 298.15 K from the experiment-based one, and the AAD for the pre-
dicted isothermal compressibility over the whole temperature interval explored.

No Cation Anion κT1010 [Pa−1] κT method 100ur 100ε298 100AAD

1 [bmim] [PF6] 4.18E-10 therm. Rel. [35] 1.99 −1.65 1.68
2 [hmim] [PF6] 4.11E-10 SAFT-VR [36] 2.14 −10.09 15.08
3 [bdmim] [PF6] 4.95E-10 Tait EoS [38] 1.70 4.30 5.80
4 [moim] [PF6] 4.91E-10 Tait EoS [39] 1.80 1.87 3.64
5 [bmim] [BF4] 3.60E-10 Tait EoS [40] 2.29 −5.19 6.26
6 [emim] [BF4] 3.29E-10 Tait Eos [41] 2.58 −14.71 15.56
7 [hmim] [BF4] 4.46E-10 SAFT-VR [36] 1.71 8.51 4.67
8 [omim] [BF4] 4.49E-10 Tait Eos [39] 1.88 −5.37 5.60
9 [mbupy] [BF4] 3.90E-10 Tait and Rackett EoS [42] 2.15 −9.14 8.74
10 [bpy] [BF4] 3.81E-10 Tait EoS [43] 2.38 −1.54 1.31
11 [hmim] [Cl] 3.76E-10 Tait EoS [44] 2.80 −1.30 1.36
12 [bmim] [Cl] 3.68E-10 Tait EoS [45] 2.13 1.59 4.00
13 [6,6,6,14-P] [Cl] 5.59E-10 GMA EoS [58] 1.38 7.34 7.69
14 [deim] [bti] 5.81E-10 Tait EoS [47] 1.26 10.38 9.35
15 [6,6,6,14-P] [bti] 6.23E-10 Tait EoS [48] 1.37 17.39 17.95
16 [emim] [bti] 4.69E-10 Tait EoS [41] 1.50 −1.27 2.02
17 [prmpy] [bti] 5.42E-10 Tait EoS [49] 1.43 2.15 1.64
18 [bdmim] [bti] 4.93E-10 Tait EoS [38] 1.48 −11.43 10.77
19 [bmim] [bti] 5.23E-10 Tait EoS [50] 1.54 10.19 9.78
20 [bmpyr] [bti] 5.26E-10 Tait EoS [49] 1.76 8.25 7.51
21 [hmim] [bti] 4.45E-10 SAFT-VR [36] 2.03 −14.15 17.15
22 [hpmim] [bti] 5.28E-10 Tait EoS [41] 1.74 1.31 0.77
23 [omim] [bti] 5.28E-10 Tait EoS [41] 2.29 0.61 0.84
24 [moemim] [bti] 5.28E-10 Tait EoS [41] 1.94 −2.29 2.05
25 [bmim] [Ac] 3.93E-10 empiric EoS [51] 2.35 3.44 3.21
26 [6,6,6,14-P] [Ac] 5.75E-10 Tait EoS [48] 1.56 3.58 5.69
27 [emim] [TfO] 4.35E-10 Tait EoS [49] 2.37 2.83 2.45
28 [bmim] [TfO] 4.43E-10 empiric EoS [52] 2.34 5.33 4.85
29 [emim] [dca] 3.60E-10 GCM Model a 3.33 −4.61 7.20
30 [bmim] [dca] 3.72E-10 Tait EoS [50] 2.89 −5.71 7.55
31 [bmim] [tcc] 4.03E-10 Tait EoS [41] 2.65 2.25 1.15
32 [bmim] [C8S] 4.66E-10 Tait and Rackett EoS [53] 2.49 4.16 0.68
33 [bmim] [tca] 3.56E-10 Tait Eos [55] 2.68 −6.95 8.12
34 [bpy] [bti] 4.93E-10 Tait EoS [46] 2.13 −5.38 2.58
35 [N-epy] [bti] 4.70E-10 Tait EoS [49] 2.34 −13.26 13.18

aCalculated by applying the GCM proposed by Jacquemin et al. [46,59].
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sound and heat capacity and thermodynamic equality. On the other
hand, up to date, there is no reliable universal method or equation of
state which would allow estimating the isothermal compressibility
with very good accuracy from first principles, e.g. from liquid's chemical
composition. This problem is especially complicated for Ionic Liquids,
which are composed not of neutral molecules.

In this work, we propose to attack this problem with the CATBOOST –
the modern machine learning approach realizing the gradient boosting
regression on trees, which supports the usage of categorical features. In
such a way, it is possible to take into account simultaneously the numer-
ical constants, which characterize a liquid with its belonging to chemical
homologous series with respect to cations and anions. In addition, the
fundamental principle of the tree-based search allows avoiding the typi-
cal “black box” problem of machine learning since the known range of
parameters used for training as well as the features importances pro-
vided by the algorithmmake possible the uncertainty quantifications in-
cluding also the a priori estimation of the validity range of the prediction.
One needs to check: i) the self-consistency of the training set, i.e. the un-
certainty range assigned to the regression model describing the training
set itself, ii) are all of input parameters values located between the max-
imal andminimal values included into the training set, iii) which param-
eters are determined asmost influencing, anddoes the test and predicted
values satisfy the regularities typical for this reduced set of parameters.

Herewe chose the density at 298.15 K, ρ298, the critical temperature,
Tc, the critical pressure, Pc, the molar mass,M, and the acentric factor, ω
as numerical parameters and the cation and anion names as categorical
ones to determine the isothermal compressibility at atmospheric pres-
sure for Ionic Liquids at 298.15 K. For an extended temperature region,
Wada's rule combined with the density values at ambient pressure
was applied; as a supporting result, the analysis revealing the interplay
of this dependence with one of reliable regression of the PVT properties
of liquids is obtained.

The data obtained within such an approach have been compared
with data from the subject literature with the average result about 6%
for AAD and principally bounded by 10% range for those ionic liquids,
which are not determined as having parameters out of the range of
the direct applicability the algorithm used. This can be considered as
quite reasonable taking into account the actual data scattering in the
experiment-based sources and recent practical absence of alternative
methods for well-confirmed predictive methods for a wide range of dif-
ferent ionic liquids.

Finally, we should point out that these results are not only the first
step on the road leading to the quantification of the isothermal com-
pressibility as the thermodynamic property depending on the physical
and chemical characteristics of a liquid, but also which provides a quan-
titative methodology for a quantitatively-supported search for the best
set of parameters, which characterize thermodynamic characteristics
of complex molecular liquids following the described workflow of this
specific kind of machine learning.
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We propose a mathematical framework, which argues the possibility to predict thermodynamic properties of
molecular liquids and theirmixtures at elevatedpressures using their propertiesmeasured at ambient conditions
only by considering such procedure as amodified analogue to the linear analysis procedure known from the the-
ory of dynamical systemwhen time is replaced by one of PVT quantities. This approach reveals reasons, why so-
called isothermal Fluctuation Theory-based Equation of State has universal effectiveness for different classes of
liquid. Further, we generalize this line of reasoning on the case of the speed of sound and other thermodynamic
quantities, which can be derived from such data via the acoustic route. This approach is illustrated among others
by example of SRS diesel calibrating liquid, for which new original set of experimental data for a wide range of
temperatures and pressures is reported.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Despite the impressive modern progress in the development of
methods for predicting thermodynamic properties of liquids at high
pressures [1–5], there is still a high demand for the development of uni-
fied approaches to provide quantitative predictions with accuracy com-
parable to the direct experimental measurement. The intricacy of this
problem is based on the extremely complex interplay between intermo-
lecular interactions and disordered structure of molecular liquids. The
task is even more problematical for the case of multicomponent liquid
mixtures and predicting their thermodynamic properties. This requires
taking into account both the volumetric and thermal properties, which
also depend on intramolecular interactions and their combinations.

A typical example of these properties is the speed of sound, which is
one of themost important quantities, which provides a bridge between
molecular physics and thermodynamics. In addition, it provides not
only a practical possibility for relatively simple non-invasive measuring
in high-pressurized systems but also for calculating the full variety of
thermodynamic quantities, which completely characterize the state of
fluid under high pressures when the thermodynamic parameters
under saturation conditions are known [6–9].

The most popular methods for the computational prediction of the
speed of sound belong to different variants of the Perturbed-Chain Sta-
tistical Associating Fluid Theory (SAFT). This includes corrections of the
original model, which include the usage of the critical constants and the
liquid density at the triple point (CP-PC-SAFT) [10], or even the satu-
rated speed of sound itself [11] as reference states for the optimization
of PC-SAFT's parameters, introducing a volume shift (VS-PC-SAFT)
[12],merging SAFT approachwith a cubic equation of state that showed
predictive success in the case of heavy hydrocarbons and their mixtures
[13]. However, it should be pointed out that the complexity of
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computational procedures and parameters determination increase
drastically with the growth of number of components in a liquid
mixture.

In general, the approaches built “from bottom to up”, i.e. starting
frommicroscopic level of description and oriented toward tofinding de-
sired thermodynamic properties, see [14] for review, require a detailed
knowledge of a variety of parameters characterizing individual atomic
and/or molecular components and empiric structural models.

Here, we propose to address the problem of predicting the single-
phase thermodynamic properties of molecular liquids purely from the
macroscopic direction by taking into account themathematical analogy
of thermodynamics equalities expressed as relations between partial
derivatives of PVT parameters and the theory of dynamical systems
where the time variable is replaced by the change in either temperature
or pressure. Note that this idea has some common features with the
consideration of the thermodynamic PVT surface from the point of
view of a Riemannian geometric model [15], where the thermodynamic
derivatives determine the curvature of the PVT surface and, respectively
can be interrelatedwith the chrematistics of intermolecular interactions
and macroscopic thermodynamic measurements. This approach re-
cently attracts new attention as providing valuable insights also into
the proper choice and calibration of potential functions for SAFT-based
calculations [16].

It should be noted out that thementioned geometrical consideration
is tightly connected with the behaviour of thermodynamic fluctuations
in liquid systems [17]. At the same time, it has been revealed that the
dependence of the reduced density fluctuations on the density along
the coexistence curve and in the single phase region is the same in a cer-
tain range that provide an opportunity for predicting the density under
elevated pressures using the thermodynamic quantities [18]. The re-
spective Fluctuation Theory-based Equation of State (FT-EoS) was al-
ready demonstrated as a high-accurate too by examples of a wide
variety of liquids, from simple ones to polar and ionic substances
[19,20] as well as multicomponent liquid mixtures [21,22]. Recently it
has been shown that the functional form of the FT-EoS also follows
from an assumption of a specific form of liquid's elasticity [23] that
also gives some hints for further investigations of these issues from
the points of view of dynamical systems theory.

Thus, the first of the goals of this work is to consider the theoretical
background and assumptions, which assure the revealed universality of
the FT-EoS and its limits of applicability. The next goal is to generalize
this approach for the rest of thermodynamic quantities within a two-
stage procedure, which consists of predicting the speed of sound along
isotherms and then calculating the isobaric heat capacity, the isobaric
expansion coefficientwithin the acoustic route to calculation of the den-
sity [24].

As the main illustrating example, we decided to model the thermo-
dynamic properties of SRS diesel calibrating fluid based on newly mea-
sured experimental data. This choice is motivated by several reasons.
First of all, from the point of view of physics and physical chemistry of
molecular liquids, this substance is a complexmulticomponentmixture
of hydrocarbons. In addition, the exact composition of this fluid is not
known and protected by the supplying company. Therefore, one princi-
pally can not apply any method, which requires information on molec-
ular components, contributing groups and even reference point like
critical conditions (for example, no one from methods described in
[25,26]). Thus, the question of whether it is possible to accurately pre-
dict thermodynamic properties of such a fluid under the experimental
condition with restricted information is a stimulating challenge.

It should be pointed out that accurate thermophysical data for cali-
bration fluids, with the exception of those presented by Lowe [24],
Ndiaye [27], and Chora̧żewski [28], are lacking in the scientific and en-
gineering data bases. Typically, the ISO-4113 standards for calibration
fluids present a specific datum of a property for the liquid at a specific
temperature. As well these properties are generally measured at
below operating conditions of fuel injection for diesel engines which

can compress fuel to its combustions temperature at pressures up to
300 MPa [29,30]. Accurate modelling of the thermophysical properties
of calibration fluids can be used to support fuel injection modelling
and combustion properties which can help with the design and devel-
opment of improved engineswhich aremore efficient [31,32]. However,
the techniques and equipment required measure the properties accu-
rately are rare, time consuming and can be hazardous. Thus is necessary
to overcome these difficulties by developing predictive thermodynamic
calculations for SRS and similar industrial fluids.

2. A case study: of SRS calibration fluid CV, experimental data and
their primary processing

2.1. Materials and methods

SRS Calibration Fluid CV for diesel injectors was supplied by Hansen
& Rosenthal Group (https://www.hur.com). The sample was tested and
approved by the Technical and Laboratory Department of H&R Group
company. The exact composition of thefluid is the propriety of the com-
pany and the general composition is provided in their Material Safety
Data Sheet, (MSDS) and is provided with the following the identifiers
in Table 1.

The measurements were evaluated at the Laboratory of Molecular
Acoustics (Kursk State University) using exactly the same equipment
and measurement protocols, whose description were published re-
cently in [24]. For this reason,we refer for their details to thementioned
work and give here the basic information on the experimental proce-
dure only.

The density at ambient pressure was measured photometrically for
the sample thermostated with a refrigerated thermostat (Kriovist,
Termex Russia) for the temperature range below 323.15 K and with
the thermostat VIS-T (Termex Russia) for higher temperatures. The spe-
cific isobaric heat capacity was measured at ambient pressure condi-
tions using the differential scanning calorimeter assembled on the
base of an industrial IT-CP-400 Calorimeter (Russia) and the
computer-regulated digital signal processing board by “Tercon”
(Russia). The ultrasonic speed of sound was measured by a pulse
phase echo method using the patented setup [33] assembled on a
base of the the universal digital signal processing board DSP-310-K
and the MP-2500 (Russia) dead-weight pressure gauge.

The obtained raw experimental data supplied with their uncer-
tainties are presented in Tables 2, 4.

2.2. Experimental data processing

The experimental values obtained at ambient pressure and repre-
sented in Table 2 and in the first row of Table. 4 are fitted for the further

Table 1
Composition of SRS Calibration Fluid CV and information on its ingredients according to
the safety data sheet.

Identifier numbers Materials Quantity

CAS No 1174522-18-19

EC No 920-360-0

REACH No

01-2119448343-41

Hydrocarbons, C14-C18, n-alkanes, isoalkanes,
cyclics, aromatics (2–30 wt%)

85–b90 wt

%

CAS No
64742-46-7

EC No 265-148-2
REACH No
01-2119489867-12

Distillates (petroleum), hydrotreated middle,
Gasoil – unspecified

5–b10 wt

%

CAS No
68425-15-0

EC No 270-335-7

Polysulfides, di-tert-dodecyl 1–b5 wt%
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use as reference explicit functions of temperature

ρ0 Tð Þ ¼ −0:468
T−346:89
49:896

� �2

−34:485
T−346:89
49:896

� �
þ 784:46; ð1Þ

C0
p Tð Þ ¼ 84

T−338:15
18:71

� �
þ 2426; ð2Þ

c0 Tð Þ ¼ −106:36
T−338:15

18:71

� �
þ 1212:4; ð3Þ

where dimensions of the coefficients correspond to the temperature in
K, the density – in kg·m3, the isobaric heat capacity – in J·(kg·K)−1, and
the speed of sound – in m·s−1. The fitting procedure was evaluated by
MATLAB's routines polyfit supplied the Monte Carlo method of uncer-
tainty quantification: each experimental value was 104 times replicated
to form a Gaussian ensemble with each mean and the standard devia-
tion corresponded to the experimental point with the respective stan-
dard deviation. The uncertainty characteristics for all coefficients
obtained via this procedure are given in Table 3. Fig. 1 illustrates the ob-
tained fitting lines; one can see that they reproduce the course of the
points obtained experimentally. The average absolute relative devia-
tions (AAD) are equal to AADρ=0.0061 %, AADCP=0.13 %, and AADc0=
0.10 % for the density, the isobaric heat capacity and the speed of sound
at ambient pressure conditions, respectively.

This set of data provides an opportunity to calculate the isothermal
compressibility at ambient pressure conditions as

κ0
T ¼ 1

ρ0

1
c20

þ Tα2
P0

C0
P

Þ;
 

ð4Þ

where αP0
(T) = ρ0−1(∂ρ0/∂T)P0

is the isobaric expansion coefficient at
P = P0.

The speed of sound under elevated pressure was fitted along each
isothermwas represented as the polynomial, which gives an explicit de-
pendence of the speed of sound cubed as a function of the excess pres-
sure applied

c Pð Þ3 ¼ c P0ð Þ3 þ Y1 P−P0ð Þ þ Y2 P−P0ð Þ2; ð5Þ

where c(P0) = c0 is given by Eq. (3) and the values of the coefficients

Y1,2 and their uncertainties obtained via the Monte Carlo Gaussian en-
semble method as described above for the data fitting at ambient pres-
sure conditions are presented in Table. 5.

Fig. 2 shows that the cube of the speed of sound depends on the ex-
cess pressure practically linearly within the considered pressure range
but we prefer to keep the small quadratic term in Eq. (5) too since it as-
sures the fitting with uncertainty comparable with the experimental
one; AADs for all isotherm are presented in the last column of Table. 5.

To calculate the density and other quantities along these isotherms,
the sequential integration of thermodynamic identities

∂CP

∂P

� �
T
¼ −

T
ρ

α2
P þ

∂αP

∂T

� �
P

� �
; ð6Þ

∂ρ
∂P

� �
T
¼ Tα2

P

CP
−

1
c2
�

�
ð7Þ

By Heun's method was used with the initial values given be functions
(1)–(3) and the speed of sound along isotherms given by cubic roots
of the functions (5) calculated for all isotherms. The detailed description
of the numerical procedure can be found in [24].

The Tables 6–9 report the obtained temperature-pressure depen-
dences for the density, the isobaric heat capacity, the isobaric expansion
coefficient, and the isothermal compressibility. Markers in Fig. 3 indi-
cate the obtained values of the density as a function of the pressure.

2.3. Predicting density by the FT-EoS

Following the procedure described in [20], we test accuracy of the
density prediction under elevated pressures using the FT-EoS

ρ ¼ ρ0 þ k−1 log kρ0κ
0
T P−P0ð Þ þ 1

� �
; ð8Þ

where ρ0 and κT0 are the density and the isothermal compressibility at

Table 2
The density measured pycnometrically and the isobaric heat capacity at ambient
conditions.

T (K)a ρ(kg·m−3)b T (K)c Cp(J·(kg·K)−1)d

287.00 825.2 313.15 2310.1
292.00 821.9 323.15 2366.6
302.00 815.1 333.15 2401.1
323.35 800.5 343.15 2445.4
343.45 786.9 353.15 2496.1
363.35 773.1 363.15 2538.7
383.45 758.9
403.65 744.7
423.75 730.2

aThe standard uncertainty u(T) = 0.1 K; bthe standard uncertainty u(ρ)=0.1 kg; cThe
standard uncertainty u(T) = 0.5 K; dthe relative standard uncertainty ur(Cp) = 0.02.

Table 3

Standard deviations of coefficients of Eqs. (1)–(3) for the fitting functions represented in the general form yðTÞ ¼ ∑2
n¼0YnðT−T

σ
Þn .

y STD(Y2) STD(Y1) STD(Y0) STDðTÞ STD(σ)

ρ 0.060 0.037 0.062 0.033 0.035
Cp 21 20 0.02 0.02
c 0.65 0.58 0.02 0.02

Fig. 1. Thermodynamic quantities of SRS Calibration Fluid CV measured at ambient
pressure conditions (circles) and their fitting via Eqs. (1)–(3) shown as lines.
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ambient pressure P0 defined by Eqs. (1)–(4), and

k ¼ −
d log Tρ0κ0

T

� 	
dρ0

; ð9Þ

which can be easily calculated via the parametric differentiation for the
given thermodynamic quantities stated as functions of the temperature,
see [21].

The resulted predictions are shown as solid lines in Fig. 3 for all iso-
therms. The overall high accuracy of prediction is confirmed by AAD =
0.08% for the whole set of data. Visually, one can note small deviations
between experimental and predicted data growing at highest available
pressures. However, even in the vicinity of 200 MPa, the maximal rela-
tive deviation does not exceed 0.29% that about of the experimental un-
certainty range.

Thus, FT-EoS can be successfully used for predictive calculation of
the density of this fluid with unknown composition basing on the easily
obtainable thermodynamic data at ambient pressure only, and our next
step is to reveal general theoretical background for this possibility and
generalize it on the case of predicting other thermodynamic parame-
ters, especially, the speed of sound.

3. An analogy between themodynamical equalities derivation and
the linear analysis of dynamical systems

3.1. Linearisation for the density prediction

Let us start from the empiric observations on the experimental den-
sity behaviour of liquids under moderate elevated pressures along an
isotherm. In fact, one can conclude that the cubic fitting the excess pres-
sure as a cubic function of the excess density

P−P0 ¼ δ1 ρ−ρ0ð Þ þ δ2
2

ρ−ρ0ð Þ2 þ δ3
6

ρ−ρ0ð Þ3 ð10Þ

is quite accurate to represent experimental data.
Fig. 4 gives an example of such fitting for one isotherm of n-heptane.

One can see that deviations between the regression curve and raw data

Table 4
The experimental speed of sound values.

T (K)a 299.35 310.75 332.15 353.65 373.15

P (MPa)b c (m·s−1)c

0.1 1334.1 1294.4 1216.1 1141.7 1075.6
9.8 1390.7 1352.9 1278.8 1207.8 1150.2
19.6 1436.8 1402.4 1331.3 1263.3 1207.5
29.4 1482.1 1448.5 1379.4 1314.1 1261.9
39.2 1522.9 1488.3 1425.2 1362.1 1311.7
49.0 1560.7 1529.5 1468.2 1406.5 1357.0
58.8 1600.9 1566.1 1508.9 1448.4 1401.1
68.6 1635.8 1606.6 1547.8 1488.3 1442.6
78.5 1669.9 1638.5 1585.3 1527.7 1483.0
88.3 1702.1 1670.5 1620.2 1563.6 1518.8
98.1 1734.9 1702.1 1653.0 1597.4
107.9 1762.7 1735.5 1686.1 1630.2
117.7 1796.0 1766.5 1713.9 1662.4
127.5 1820.1 1792.8 1745.4 1695.9
137.3 1846.8 1819.3 1774.8 1722.5
147.1 1876.0 1844.5 1803.0 1751.4
156.9 1902.1 1871.1 1828.9 1778.3
166.7 1929.0 1894.9 1806.7
176.5 1952.1 1917.2 1832.2
186.3 1975.7 1943.7 1856.9
196.1 1994.5 1966.3 1880.7

aThe standard uncertainty u(T) = 0.1 K; bthe standard uncertainty u(P) = 0.0125 MPa;
cthe standard uncertainty u(c)=1.3 m·s−1.

Table 5
Coefficients of the polynomial fitting the speed of sound cubed, Eq. (5), their standard de-
viations, and the average absolute relative deviationsfitted and experimental values along
isotherms explored. The dimensionality of the pressure and the speed of sound for this set
of coefficients are MPa and m·c−3, respectively.

T, (K) Y2·10−2 Y1·10−4 STD(Y2)·10−2 STD(Y1)·10−4 AAD(%)

299.35 −56.7 2962.9 6.5 9.5 0.10
310.75 −81.0 2924.5 6.3 9.2 0.11
332.15 −28.0 2793.1 9.5 11.2 0.06
353.65 −5.6 2647.6 5.6 8.2 0.06
373.15 −83.0 2636.8 27.3 18.8 0.14

Table 6
Liquid densities calculated by the acousticmethod; the combined relative standard uncer-
tainties are calculated to be ur,c(ρ) = 0.005.

T (K) 299.35 310.75 332.15 353.65 373.15

P (MPa) ρ (kg·m−3)

0.1 816.9 809.2 794.6 779.8 766.2
10 823.1 815.8 801.9 788.0 775.3
20 828.9 821.9 808.6 795.4 783.5
30 834.3 827.5 814.8 802.3 790.9
40 839.4 832.8 820.6 808.5 797.6
50 844.2 837.8 826.0 814.4 803.9
60 848.8 842.5 831.1 819.8 809.7
70 853.1 847.0 835.9 825.0 815.2
80 857.2 851.3 840.4 829.9 820.3
90 861.2 855.4 844.8 834.5 825.2
100 865.0 859.4 848.9 838.9 829.9
110 868.7 863.2 852.9 843.2 834.3
120 872.2 866.8 856.8 847.2 838.6
130 875.7 870.3 860.5 851.1 842.7
140 879.0 873.8 864.0 854.9 846.6
150 882.2 877.1 867.5 858.5 850.4
160 885.4 880.3 870.9 862.0 854.1
170 888.4 883.4 874.1 865.4 857.7
180 891.4 886.5 877.3 868.7 861.1
190 894.3 889.5 880.3 871.9 864.5
200 897.1 892.4 883.3 875.0 867.8

Table 7
Liquid isobaric heat capacities calculated by the acoustic method; the combined relative
standard uncertainties are calculated to be ur,c(Cp) = 0.02.

T (K) 299.35 310.75 332.15 353.65 373.15

P (MPa) Cp (J·(kg·K)−1)

0 2252 2303 2399 2496 2584
10 2246 2297 2392 2488 2575
20 2242 2292 2387 2483 2569
30 2239 2289 2384 2479 2565
40 2236 2287 2381 2476 2562
50 2235 2285 2379 2474 2560
60 2233 2283 2378 2472 2558
70 2232 2283 2377 2471 2557
80 2232 2282 2376 2471 2556
90 2232 2282 2376 2470 2556
100 2232 2282 2376 2471 2556
110 2232 2282 2376 2471 2557
120 2232 2283 2377 2472 2557
130 2233 2283 2378 2473 2559
140 2234 2284 2379 2474 2560
150 2235 2286 2380 2476 2562
160 2237 2287 2382 2477 2564
170 2238 2289 2384 2479 2566
180 2240 2291 2386 2482 2569
190 2242 2293 2389 2485 2572
200 2245 2296 2391 2488 2575
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is quite small and symmetrically distributed around zero, i.e. there is no
a regular trend.

Why it is better to use the fit P vs. ρ but not in and inverse order and
it is measured in reality? Note that namely such curve is not only grows
monotonically (ρ(P) is growing too) but it is concave downward, i.e. the
slope of the tangent to the curve ρ(P) is always positive and growing
and such curve goes to infinity without any principal mathematical of
physical restrictions. On contrary, the growth speed of the curve ρ(P)
is permanently diminishing due to decaying compressibility of liquids
with the growing applied pressure thatmay induce some complications
from the point of view of the polynomial fitting since, in the latter case,
the finite polynomial will necessary have a maximum after which the
fitted density curve will go down that is a physical nonsense. The form
(10) is free of such trouble.

Note also that line of reasoning corresponds also to the approach to
the speed of sound fitting proposed by Sun et al. [34] as

P−P0 ¼ A1 Tð Þ c−c0ð Þ þ A2 Tð Þ c−c0ð Þ2 þ A3 Tð Þ c−c0ð Þ3; ð11Þ

where aj(T) as some appropriate quadratic polynomials with respect to
the temperature. However, in the contexts of the density calculations
via Eqs. (6)–(7), this kind offitting is less convenient because it provides
an implicit representation for the speed of sound, i.e. one needs to solve
the cubic Eq. (11) for eqch value of the pressure (and make a proper
choice of one of its three roots) to get the speed of sound substituted
into Eq. (7) for integration. On contrary, Eq. (5) provides the explicit
function of the pressure that simplifies integration. At the same time,
from the point of the fitting accuracy, both approaches results practi-
cally in the same uncertienty for the full set of the data: AAD = 0.09%
for Eq. (5) and AAD = 0.08% for Eq. (11), respectively. Their difference
is negligible taking into account the experimental data uncertainty.

Moreover, Eq. (10) can be considered simply as a truncated Taylor
series expansion of an arbitrary function P(ρ) around the point (ρ0,
P0) that is always true irrespectively to any particular form of a physical
equation of state. Note that such functional form of Taylor series with
respect to the excess (over the saturation) terms is used recently by

Table 8
Liquid isobaric expansion coefficients calculated by the acoustic method; the combined
relative standard uncertainties are calculated to be ur,c(αp) = 0.01.

T (K) 299.35 310.75 332.15 353.65 373.15

P (MPa) αp·104 (T−1)

0 8.24 8.37 8.63 8.90 9.15
10 7.83 7.91 8.07 8.23 8.39
20 7.47 7.52 7.61 7.71 7.80
30 7.15 7.18 7.23 7.28 7.33
40 6.88 6.89 6.91 6.93 6.95
50 6.63 6.63 6.63 6.62 6.62
60 6.42 6.41 6.38 6.36 6.33
70 6.22 6.20 6.16 6.12 6.08
80 6.05 6.02 5.97 5.91 5.86
90 5.89 5.86 5.79 5.72 5.66
100 5.75 5.71 5.63 5.55 5.47
110 5.62 5.57 5.48 5.39 5.30
120 5.50 5.45 5.35 5.24 5.14
130 5.39 5.33 5.22 5.10 4.99
140 5.29 5.23 5.11 4.98 4.86
150 5.20 5.13 5.00 4.86 4.72
160 5.12 5.04 4.90 4.74 4.60
170 5.05 4.96 4.80 4.64 4.48
180 4.98 4.89 4.72 4.54 4.37
190 4.92 4.82 4.64 4.44 4.26
200 4.87 4.76 4.56 4.35 4.15

Table 9
Liquid isothermal compressibilities calculated by the acoustic method; the combined rel-
ative standard uncertainties are calculated to be ur,c(κT) = 0.01.

T (K) 299.35 310.75 332.15 353.65 373.15

P (MPa) αp·1010

(T−1)
0 8.24 8.37 8.63 8.90 9.15
10 7.83 7.91 8.07 8.23 8.39
20 7.47 7.52 7.61 7.71 7.80
30 7.15 7.18 7.23 7.28 7.33
40 6.88 6.89 6.91 6.93 6.95
50 6.63 6.63 6.63 6.62 6.62
60 6.42 6.41 6.38 6.36 6.33
70 6.22 6.20 6.16 6.12 6.08
80 6.05 6.02 5.97 5.91 5.86
90 5.89 5.86 5.79 5.72 5.66
100 5.75 5.71 5.63 5.55 5.47
110 5.62 5.57 5.48 5.39 5.30
120 5.50 5.45 5.35 5.24 5.14
130 5.39 5.33 5.22 5.10 4.99
140 5.29 5.23 5.11 4.98 4.86
150 5.20 5.13 5.00 4.86 4.72
160 5.12 5.04 4.90 4.74 4.60
170 5.05 4.96 4.80 4.64 4.48
180 4.98 4.89 4.72 4.54 4.37
190 4.92 4.82 4.64 4.44 4.26
200 4.87 4.76 4.56 4.35 4.15

Fig. 2. Experimental speed of sound cubed (markers) for temperatures listed in Table 4
and their fits by Eq. (5) (solid lines). The series of lines from up to down corresponds to
sequentially growing temperatures.

Fig. 3. Experiment-based data (circles) for the density and the respective density curves
predicted by FT-EoS along isotherms (solid lines) and calculated from the predicted
speed of sound (dash-dotted lines) .
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NIST to fit the data; the only difference is a in keeping all term up to the
forth order, see [35]. Thus, it is better motivated from a general mathe-
matical point of view than an empirical choice of selected power indices.

Respectively, the isothermal derivative of the functional expansion
given by Eq. (10) is equal to

∂P
∂ρ

� �
T
¼ δ1 þ δ2 ρ−ρ0ð Þ þ δ3

2
ρ−ρ0ð Þ2: ð12Þ

But now let us remain that the actual independent variable is the
pressure, therefore, we primarily need to consider the partial derivative
(directly connected with the isothermal compressibility, which is the
response function to the change of conditions by the physical definition
of the latter) as a function of the influencing variable, i.e. as a function of
the excess pressure.

This can be achieved as follows: since we have not only Eq. (12) but
Eq. (10) also, it is possible to express the linear part of the excess density
from Eq. (10)

ρ−ρ0ð Þ ¼ δ−1
1 P−P0ð Þ−δ2

2
ρ−ρ0ð Þ2−δ3

6
ρ−ρ0ð Þ3�

�
ð13Þ

and to substitute it to Eq. (12) that gives

∂P
∂ρ

� �
T
¼ δ1 þ δ2δ−1

1 P−P0ð Þ− δ−1
1 ρ2

0

2
ρ
ρ0

−1Þ
2
δ22−δ3δ1 þ δ2δ3ρ0

3
ρ
ρ0

−1Þ
� �

:

��
ð14Þ

Taking into account that the isothermal compressibility on the satu-
ration curve is equal to κT0 = ρ0−1(∂ρ/∂P)T|P=P0

= δ1−1ρ0−1 and denoting
δ2δ1−1 = δ2ρ0κ0T = k, Eq. (14) can be rewritten in a dimensionless from
as

ρ0κ
0
T

∂P
∂ρ

� �
T
¼ 1þ kρ0κ

0
T P−P0ð Þ−

kρ0ð Þ2
2

ρ
ρ0

−1Þ
2

1−δ3
ρ0κ0

T

kρ0ð Þ2
1−

kρ0

3
ρ
ρ0

−1Þ
� 
� �

:

" ð15Þ

Now let us address Eq. (15) using the standard methods of the dy-
namic systems theory considering the density instead of time. First of
all, we can estimate orders of the subsequent terms. Liquids are suffi-
ciently low-compressible, their isothermal compressibility has an

order of 10−9 Pa−1. Being combined with the order of saturated densi-
ties of 103 kg·m−3 and typical orders of the coefficient k of 10−2 m3·kg
−3 (this follows from its meaning as the speed of change of the loga-
rithm of the inverse reduced density fluctuations with the change of
the density, as it will be shown below in details), the coefficient kρ0κT0

has an order of 10−8 Pa−1, i.e. the second term is less ten one up to
tenths Megapascals. Respectively, the coefficient of the third term
(kρ)2/2 has an order of 10. At the same time, the typical compressions
of liquids do not exceed several per cents even at extra large pressures
applied. This means that the third (non-linear) term in Eq. (15) is al-
ways smaller than the second (linear) one. Moreover, the combination
in the brackets there is also less then one for ρ ≠ ρ0. Although the accu-
rate estimations are impossible due to a priori unknown value of δ3, this
provides additional arguments that one can consider the third term as
negligibly small for the pressures up to some hundreds Megapascals.
Fig. 5 illustrates this line of reasoning by a realistic example and demon-
strates that the considered derivatives may be estimated as a linear
function of the pressure with reasonable accuracy up to sufficiently
high pressures (here very accurately up to 70–80 MPa, with not so big
deviation even for larger pressures up to 100 MPa). Thus, these plots
in Fig. 5 gives also a hint for estimations of the warrant validity range
for the method of the density prediction: kρ0κT0(P − P0) ≤ 1.

Therefore, it is possibly to linearise Eq. (15) that gives the ordinary
differential equation

ρ0κ
0
T

∂P
∂ρ

� �
T
¼ 1þ kρ0κ

0
T P−P0ð Þ ð16Þ

with the initial conditions stated on the saturation curve P(ρ0)= P0. The
respective solution is precisely the FT-EoS (8).

If to express the pressure as a function of the density and find its re-
spective derivatives, one can see that the experimental polynomial
regressions (10) and (12) will be replaced respectively with approxi-
mate functional forms representing the exponential continuation of
the linearised expressions

P−P0 ¼ kρ0κ
0
T

� 	−1
ek ρ−ρ0ð Þ−1
h i

ð17Þ

Fig. 4. The experimental data on the excess density (circles) of SRS along the isothermT=
332.15 K and its fitting by the cubic polynomial (solid line) according Eq. (10). The bottom
panel demonstrates absolute deviations between experimental data and values fitted by
the cubic polynomial. The additional dashed line in the upper panel corresponds to the
quadratic polynomial obtained if to put δ3 = 0 in Eq. (10).

Fig. 5. The experimental components of the right-hand side of Eq. (15) in the case of
isotherm shown in Fig. 4: the first equal to one (circles connected by solid line), the
second, linear with respect to the pressure (squares connected by the dashed line), and
the addition to the unit constant calculated from the polynomial interpolation of the
experimental data by Eq. (12), shown as diamonds connected with dash-dotted line.
The asterisks connected by dotted curve demonstrate the behaviour of the factor (kρ0)2

(ρ0/ρ−1)2/2 the at the third term calculated from experimental data.
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and

∂P
∂ρ

� �
T
¼ ρ0κ

0
T

� 	−1
ek ρ−ρ0ð Þ ð18Þ

Eq. (18) can be rewritten also as

ρκTð Þ−1e−kρ ¼ ρ0κ
0
T

� 	−1
e−kρ0 ¼ const

���
T¼const

:S ð19Þ

Note also that the last formula can bemultiplied by the combination
M/(RT), which is constant along isothermsbut also gives the dimension-
lessfluctuation parameter ν(ρ)=M/(RTρκT). [18], forwhich it is known
that ν(ρ) exp (−kρ) = const fulfils not only along isotherms (up to
some elevated pressure). This is also true (with a very slightly varying
k) along the coexistence curve P0= P0 up to temperatures in the vicinity
of the boiling point, where the practical measurements are evaluated at
the ambient constant (atmospheric) pressure P0, see Fig. 6 (upper
panel). Its derivative with respect to the density gives the parameter
k, Eq. (9) used above.

Thus, the described procedure considered of an initial problem for
the ordinary differential equation gives the solution, which is an inter-
polation of the true polynomial function by the exponential one. They
both coincide in the initial value point. For very low pressures applied,
the experimental curve and the predicted obtained via FT-EoS coincides
with a high accuracy. It is natural, since for kρ0κT0(P− P0)≪ 1 the natural
logarithm in Eq. (8) can be expanded into the Taylor series that results
just a definition of the forward differentiation of the isothermal com-
pressibility (any k will be simple cancelled by the construction):

ρ ≈ ρ0 þ k−1kρ0κ
0
T P−P0ð Þ ¼ ρ P0ð Þ þ ∂ρ

∂P

� �
T

����
P¼P0

P−P0ð Þ:

For larger pressures, the exponential function (17) approximates the
cubic polynomial, which is the exact functional dependence. It should
be pointed out the exponential functions in Eqs. (17) and (18) can be
expanded into the Taylor series with respect to the density and this ex-
pansion will contain cubic terms, as in Eqs. (10) and (12). This over-
comes the insufficient accuracy if simply to truncate the latter
equation keeping only the terms with δ0, δ1, δ2 there as it is illustrated
by the dashed curve in Fig. 4.

At the same time, the exact equivalence of the exponential and the
cubic polynomial functions is impossible. Since the exponential function
grows faster than any polynomial, it can mimic the latter within an in-
terval of is argument wider than one given by the Taylor expansion up
to the correspondent maximal degree of the polynomial only if the ex-
ponential growth ratewill be less than given by the Taylor series expan-
sion. This may results in “hump”-like deviations of the FT-EoS solutions
in an intermediate range of pressures, especially for high temperatures,
where the curvature of the P(ρ) curve is significant, see, for example the
lowest isotherm in Fig. 3. For very large pressures, this linearisation-
based procedure goes out of its range of validity, compare the derivative
lines (squares connected by the dashed line and diamonds connected
with dash-dotted line) in Fig. 5. Note that it is a not pure mathematical
feature but also connected with the molecular picture of the transition
to the close packing as discussed in [23].

However, it should be pointed out that the procedure (13), which
transforms the simple equality for a derivative represented as a polyno-
mial function of its argument, Eq. (12), into the ordinary differential
Eq. (16) is crucially important because it results in a significant wider
range of an accurate prediction due to the emerging exponential solu-
tion, which is not truncated at the low polynomial degree. Since the co-
efficients δ1 and δ2 (the only two, which can be found along the liquid-
vapour coexistence curve, or at the ambient pressure), are determined
within this approach in the boundary point only, the pure polynomial
solution,whichwill be a pure extrapolation,will deviate from the actual
data monotonously and quite fast in contract to the exponential contin-
uation originated from the proposed modified linearisation procedure.

3.2. Linearisation for the speed of sound prediction

Empirical observations starting from the work [36] shows that the
speed of sound cubed can be quite accurately fitted up to several hun-
dreds of Megapascals as a linear function of the excess pressure

c3 Pð Þ ¼ c30 þ δs P−P0ð Þ; ð20Þ

where c0= c(P0) is the speed of sound at ambient pressure P0, and δs is a
temperature-dependent constant, which is needed to be defined. The
equality (20) holds up to around 100–150MPa practically for all organic
liquids, and even for larger values pressures when the liquid is very low
compressible. Better accuracy can be reached by addition of the next,
quadratic with respect to the excess pressure term but this addition is
sufficiently small in comparison with the linear term and required
when one need operate with the pressures higher than 200 MPa and/
or to get a fit with accuracy securely within the experimental uncer-
tainty as it has been discussed in [24,37] and used above in the present
work.

Eq. (20) can naturally be considered as the truncated Taylor series
expansion along an isotherm

c3 Pð Þ ¼ c P0ð Þ3 þ ∂c3

∂P

� �
T;P¼P0

P−Pð Þ:

The partial derivative there, taking into account the interconnection
between the speed of sound squared and the adiabatic compressibility
c2 = (ρκS)−1 = (∂ρ/∂P)S, is convenient to represent as

∂c3

∂P

� �
T;P¼P0

¼ ∂c3

∂ρ

� �
∂ρ
∂P

� �
T;P¼P0

¼ 3
2
ρ0κ

0
Tc0

∂ ρκSð Þ−1

∂ρ

 !
T ;P¼P0

: ð21Þ

Now the main question is how to define ∂(ρκS)−1/∂ρ at ambient
conditions. Using an analogy with the fluctuation parameter in FT-EoS,
the primary idea is to consider the adiabatic fluctuation parameter.

νs ¼ M
RT

1
ρκS

; ð22Þ

Fig. 6. Logarithms of parameters of the inverse reduced density (upper panel) and the
reduced pressure (lower panel) fluctuations and at ambient pressure (circles
correspond to the temperatures, at which the speed of sound along isotherms was
measured) and their linear fitting with respect to the density and its logarithm.
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which differs from ν by replacing the isothermal compressibility by the
isentropic one. Note that the quantity (22) has a fluctuational character
too but describes not the inverse density but reduced inverse pressure
fluctuations since (see e.q. [38])

ΔPð Þ2
D E

¼ −RT
∂P
∂V

� �
S
¼ RT

M
∂P
∂ρ

� �
S
ρ2:

Let us consider a hypothetical medium, which has the properties of
the ideal gas at the same PVT conditions, i.e. ρ = MPig/RT. Substituting
this expression into the equation above, we get

ΔPð Þ2
D E

P2
ig

¼ M
RT

∂P
∂ρ

� �
S
¼ νs

that explains the meaning νs as reduced pressure fluctuations.
Fig. 6(lower panel) demonstrates the clear power-law behaviour of

this quantity for SRS fluid

νs ≡
M
RT

1
ρκs

≡
M
R
c2

T
¼ Λρλ; ð23Þ

where M/R, Λ, and λ are constants. Whence,

dνs

dρ
¼ λΛρλ−1λ

ρ
Λρλ ¼ M

RT
λc2

ρ
:

Respectively, for the isothermal coefficient from (21)

∂ c2
� 	3=2
∂ρ

 !
T;P¼P0

¼ λc20
ρ0

and the linear expansion of the speed of sound cubed takes the form

c3 Pð Þ ¼ c30 þ
3
2
ρ0κ

0
T
λc20
ρ0

P−P0ð Þ ¼ c30 1þ 3
2
ρ0κ

0
Tks P−P0ð Þ�;

�
ð24Þ

where ks = λ/ρ0.
It should be stressed that the expression (24) has an interpretation

directly connected with FT-EoS in the sense of linearisation. Since

M
RT

1
ρκT

¼ ekρþb ¼ M
RT

c2

γ
;

using the ratio along an isotherm, the cube of the speed of sound

c3 ¼ c30
γ
γ0

� �3=2

e
3
2
k ρ−ρ0ð Þ:

Substituting k(ρ − ρs) expressed from the FT-EoS (8)

c3 ¼ c30
γ
γ0

� �3=2

1þ ρ0κTk P−P0ð Þ½ �3=2;

after the Taylor series expansion up to the first term we get

c3 ¼ c30
γ
γ0

� �3=2

1þ 3
2
ρ0κTk P−P0ð Þ�:

�

Note now that the expression abovehas the factor (γ/γ0)3/2, which is
unknown functions decaying with the growth of the pressure, which
also canbe expandedup to the linear termas (γ/γ0)3/2≈1− δγ(P− P0).
Multiplying both factors and keeping the linear terms only,

c3 ¼ c30 1þ 3
2
ρ0κT k−δγ

� 	
P−P0ð Þ�;

�
ð25Þ

where the difference k − δγ = ks. This implies that ks b k as it is really
observed during the comparative calculations of the speed of sound
given below.

Fig. 7 illustrates the speed of sound predicting using the derived for-
mula

c ¼ c0 1þ 3
2
ρ0κ

0
Tks P−P0ð Þ�

1=3
"

ð26Þ

and parameters determined using the thermodynamic quantities mea-
sured at the normal pressure only and without any information on the
fluid's chemical composition. It is visible that the not only the qualitative
course of the predicted speed of sound corresponds to the experimental
data but a quantitative agreement can be verified too: AAD= 0.47% for
the whole set.

As additional tests, Fig. 8 shows the comparison of the speed of
sound predictively calculated via the method described above with
the experimental data for the Diesel fuel B0 2015 [39] and two kinds
of biodiesels based on two vegetable oils, soybean and rapeseed, with
methanol [40]. For this three samples AAD=0.52%, 0.74%, 1.2%, respec-
tively. One can see satisfactory prediction accuracy for these different
kinds of fuels too, and note visually that the maximal deviations de-
tected for biodiesels originates from the isotherms with largest temper-
atures for theDiesel fuel B0 2015 and soybean-based biodiesel and from
the isothermswith lowest temperatures for the rapeseed-based biodie-
sel. This obsevation induces a neccessity in an additional tests on the
possible temperature dependence of the parameter ks and, in general,
ranges of applicability of the proposed method for its determination.

4. Speed of sound prediction: caveats and corrections

As it was observed above, a significant curvature of the density as a
function of the pressure can result in a growing deviation of the speed
of sound predicted via Eq. (26) from experimental data. This follows
from the sense of this formula as a linearised around the coexistence
curve version of the pressure dependence for all included thermody-
namic quantities. Naturally, fluids with a which are highly compressible
and have a significant dependence of the heat capacity ratio on the tem-
perature, are affectedmore, comparewith the lower value of themolec-
ular packing ratio bounding the direct FT-EoS applicability for such
compressed liquid in [23].

The typical example is n-heptane, see Fig. 9, where experimental
data are taken from [41]. One can see not only deviations of the density

Fig. 7. Experiment-based data (circles) for the speed of sound and the respective curves
predicted by Eq. (26) and by the improved method, Eq. (27) (dash-dotted lines) along
isotherms.
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curves from markers for higher pressures but also the significant over-
estimation of the speeds of sound calculated via (26), which start
from very low values of the pressures (they are shown as solid lines),
for the whole set AAD = 1.87% with the maximal relative deviation
3.75%.

The more heavy pure n-alkane, namely, n-dodecane, which some-
times considered as a model or surrogate fuel [42] demonstrate closer
similarity between experimental [43] (markers) and predicted (solid
lines) data in Fig. 9. The overall AAD=0.97% with the maximal relative
deviation 2.62%. This confirms the line of reasoning arguing the growth
of accuracy of Eq. 26 with lowering response on the applied pressure.
Note also that the real diesel calibration fluid as indicated in Table 1 con-
tains even higher hydrocarbons (C14–C18) and respectively, its speed
of sound is reproduced better.

In order to improve quality of the speed of sound prediction, let us
modify Eq. (24) introducing the correcting temperature-dependent fac-
tor for the slope of the linear trend c3 vs. P along isotherms as

c3 Pð Þ ¼ c30 1þ 3
2
ρ0κ

0
Tksk

0
s Tð Þ P−P0ð Þ�;

�
ð27Þ

where ks′= ks′0(1+ ε(T− T0′)). Here ks′ defined for T= T0′ is close to 1,
and ε is quite small.

To find two correcting parameters, we refer to the fact that the FT-
EoS predicts the density up to relative compressions (ρ − ρ0)/

ρ0 ≈ 1.05 − 1.1 even for such highly compressive liquids as light n-
alkanes. Thus, the key idea is to use the inverse problem for finding
such correcting coefficients for the speed of sound that the acoustic
method of the density calculation (6)–(7) will give values close to the
predicted by the FT-EoS.

The practical search for the coefficients was organised as follows. At
the first step, the density ρFT−EoS(P,T) via the FT-EoS with the saturated
densities, speeds of sound, and isobaric heat capacities taken from NIST
ChemistryWebBook [44] as input quantities, and the speed of sound via
Eq. (26) were calculated up to the pressure P = 111.4 MPa for more
compressible n-heptane and up to P=196.3 MPa for less compressible
n-dodecane (graphically, up to the end of most curved part of the den-
sity isotherm) and the given temperature range of five isotherms. The
third isotherm was chosen as T = T0′. Then, the speed of sound was
recalculated for a set of trial ks′0 from 0.7 to 1.3 equispaced subdivided
into 11 steps. For each set of obtained speeds of sound, the density ρac
was calculated for such speeds of sound (6)–(7) using as well as the
mean absolute deviation of this density from the density given by the
FT-EoS along the third isotherm: 〈|ρac(P,T′) − ρFT−EoS(P,T′)| 〉. Those
value of ks′0, whichminimised this deviation,was determined as the de-
sired value. At the last step the same procedure was repeated with the
fixed ks′0 and a set of 35 trial ε uniformly distributed from 6·10−4 to
3·10−3. In this stage, the minimization procedure was evaluated not

Fig. 8. Experiment-based data (circles) for the speed of sound and the respective curves
predicted by Eq. (26) along isotherms for Diesel fuel B0 2015 (A) within the
temperature interval T = (263.15–468.15) K, and soybean (B) and rapeseed
(C) biodiesels within the temperature interval T = (293.15–393) K.

Fig. 9. Experiment-based data (circles) for the density and the speed of sound in
comparison with the curves predicted via the direct linearisation approach (lines) and
its corrected version (dashed lines). Two upper panels show isotherms T = (223.35,
236.15, 248.65, 273.75, 285.25) K of n-heptane, and two lower panels – isotherms T =
(303.15, 313.15, 333.15, 353.15, 373.15) K of n-dodecane.
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for one but for all five isotherms and all pressures and the respective op-
timal ε was found.

For n-heptane the obtained correction factors are ks′0=0.88 and ε=
0.0017 that result in AAD = 0.34% and the maximal deviation 0.72% of
the speed of sound predicted by Eq. (27), shown in Fig. 9 as dashed
lines, and the experimental values. As a byproduct, one can also note
that the densities calculated from this final speeds of sound (also
shown as dashed curves in the respective subpanel) reproduce the ex-
perimental ones even better than the FT-EoS for highest available pres-
sures (P N 200 MPaPN200 MPa).

For n-dodecane, the improvementmade by the same algorithmwith
the same range and step of trial ks′0 and ε also leads to the improvement
of the predicted speed of sound and the density. The solid curves shown
in Fig. 9 correspond to the correcting values ks′0=1.06 and ε = 0.0011,
and the resulting AAD = 0.19% (the maximal deviation is equal to
0.46%) from the corrected speed of sound. As expected the corrections
are significantly smaller because even the uncorrected version (26)
gives better result than for n-heptane, the main difference with experi-
mental data is introduced by twomost curved isotherms corresponding
highest temperatures that is corrected by Eq. (27) reducing deviations
down to the experimental uncertainty.

Nowwe can apply this improvedmethod to diesel fuels too. For SRS
Calibration Fluid CV, the procedure completely analogous to the de-
scribed above gives in Eq. (27) the value k′s0=1.03 thatminimally differs
from the initial formula, and the temperature-dependent correction
ε=0.0014, which makes the reproducing high-temperature isotherms
better, see the dash-dotted curves in Fig. 7. As a result, the overall
AAD = 0.32% is improved too. However, it should be pointed out that
this improvement is not so drastic, and the respective corrections for
biofuels are not significant too that confirms the conclusion that for
this kind of liquids even the basic predicting formula (26) is applicable
with an appropriate predicting accuracy as seen in Fig. 8.

Finally, we complete the considerations of an influence of the
correcting procedure on the predicted thermodynamic properties of
complex fuel mixtures discussing the resulting density and isobaric ex-
pansion coefficient using SRS Calibration Fluid CV, novel data for which
are one of themain subjectes of this work, as a case study. The densities
calculated via the acoustic algorithm (6)–(7) form this predicted speed
of sound are added to Fig. 3 as dash-dotted lines. It is visible that the
corrected isotherms go better through the experimental points for
P N 100–120 MPa, especially for two lowest temperatures as well as
the isotherm's curvature for the highest temperature is closer to the ex-
perimental one.

Although these improvements are not so principal for respect to the
pure FT-EoS predictions for the density taking into account the uncer-
tainly of the respective experimental data, the curvature-based issues
may affect the quality of predicting the isobaric expansion coefficient.
Fig. 10 demonstrates such prediction in comparison with the
experiment-based calculations.We can claimvery accurate reproducing
of the latter, both sets of curves are indistinguishable for P b 50 MPa.
Moreover, the proposedmethod of calculations reproduces the crossing
of αP isotherms, not only qualitatively but also quantitatively: the ex-
perimental crossing point corresponds to P≈ 74MPa, and the predicted
to P ≈ 65 MPa. The difference between these values is not significant
because even in the experimental data the uncertainty of the localiza-
tions depends on the number of points along isobars, a degree of the
fitting polynomial and can reach several MPa, up to tenths, see the dis-
cussion in [45]. For high pressures, i.e. significantly after the crossing
point, the calculated isotherms show less divergence than the experi-
mental isotherms but the range of values is still qualitatively reasonable.

5. Conclusion and outlooks

In this work, we explore possibilities for predicting thermodynamic
quantities of liquids in the single-phase region (i.e. under high elevated
pressures) basing on the data, which can be measured at ambient (i.e.
quit low) pressure. The principal possibility of this procedure is based
on the introduced analogy between differential equalities of thermody-
namics and differential equations of the dynamical system theory in the
case when the time variable of the latter is replaced by the density.
Mathematical generality of the proposed modified procedure of linear
analysis assures its wide applicability to dense liquids, and, as a conse-
quence to the emerging possibility predict properties of complex mix-
ture of molecular liquids even in the case, when the exact composition
is not available. One need to measure the density, the speed of sound,
and the isobaric heat capacity at ambient conditions only to get all re-
quired parameters.

The special attention is attracted to the prediction of the speed of
sound that is muchmore complicated task in comparison with the den-
sity prediction. While the density may be treated “geometrically”, from
the point of view of the molecular packing in space, the speed of sound
strictly depends on molecular properties, which determines valuable
input from the heat capacity. We proposed the method of prognosis
considered from the points of view of linearisation of the expression
connecting the density and the pressure to the form of linear depen-
dence of the speed of sound cubed on the pressure. For the latter,
there is known some theoretical background for cryogenic liquids [46]
be phenomenologically such dependence fulfils for molecular liquids
at high temperatures too.

For low compressible liquid mixtures such diesel fuels, the respec-
tive coefficient of the linear slope for isotherms is connectedwith the re-
duced pressure fluctuations (as a counterpart to the reduced density
fluctuations determining parameters for predicting volumetric proper-
ties) at compression and isobaric (or saturated) heating. We note that
the revealed power-law dependence (23) has common features with
so-called Rao-Wada rule [47,48], which can be represented as c3=
KRWρ9. Recent studies [49,50] argued that the factor KRW is not a con-
stant and proposed empiric coefficients for the temperature-
dependent corrections. On the other hand our expression (23) include
the temperature explicitly as motivated by exact thermodynamic fluc-
tuation equalities. As a result, the linearity in double-logarithmic scale,
see Fig. 6(lower panel), is restored. As an outlook, the search for new
group-contribution methods for such improved relation can be
proposed.

Finally, it should be pointed out that the isobaric and isothermal re-
duced pressure density universality is not fulfilled for low compressible
liquids (the same was observed for the classic Rao-Wada rule, see
[51,52]). However, we show that the combination of the density predic-
tions via the Fluctuation Theory-based Equation of State and the

Fig. 10. Experiment-based plot of the isobaric expansion coefficient for SRS Calibration
Fluid CV (solid lines) and its course calculated using the acoustic algorithm from the
predicted speed of sound.
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acoustic method of density determination based on the thermodynamic
equalities makes possible to introduce a sequential correction proce-
dure, which reduces the prediction error to the range of uncertainty of
experiments.
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a b s t r a c t

In this work, we demonstrate the possibility of calculating the speed of sound of Ionic Liquids as a func-
tion of temperature and pressure using the fluctuation-based approach. The density, speed of sound, and
heat capacity at atmospheric pressure are used for the calculations. The collected experimental data from
the ILThermo database were used as input. The high-pressure speed of sound for nine ionic liquids was
used to compare and analyze. Using the proposed method, the relative average absolute deviation is close
to 0.85%.

� 2022 The Authors. Published by Elsevier B.V.

1. Introduction

Thermophysical properties of compressed liquids such as com-
pressibilities, thermal expansivity, and heat capacities are quanti-
ties of great interest in several physics and physical chemistry
fields. Thus many studies have been devoted to experimental mea-
surements of the thermophysical properties of liquids and mix-
tures. Significantly, the effect of temperature and pressure on
isothermal and isentropic compressibility, isobaric thermal expan-
sivity, constant volume, constant pressure heat capacities, and
speed of sound has been investigated by experiments for hundreds
of molecular systems and mixtures. The state of any fluid is some-
thing engineering chemists often find it necessary to specify
clearly. Such a specification for even the simplest fluid must
include the amount of substance present, the pressure, and the
temperature. The mathematical relationship that links them is
the equation of state that remains the basis of thermodynamics.
The equations of state were introduced to understand the physical
background of liquids and use practical calculations instead of
extensive direct measurements. The equations of state, and with
them the thermoelastic coefficients, are the starting point for most
thermodynamic problems in the field of application and engineer-
ing in connection with the molecular nature of the described sys-
tems, and the range of their applications is extensive, from

physical chemistry and fluid mechanics, through material engi-
neering to nanotechnology.

However, current knowledge of equations of states in the mean-
ing of practical usefulness indicates that the semi-empirical engi-
neering approach is not entirely correct. It is worth noting that
besides all the attempts and efforts devoted to the formulation of
the versatile equation of state, none of the derived models, up to
date, is efficient enough for the properties prediction of a wide
range of liquids in a wide range of pressure changes, especially
for novel working fluids with new and vastly improved properties.

On the other hand, complicated statistical mechanics apparatus
leads to poor functionality with simultaneous mathematical nature
complication of the model, which closes the possibility of broad,
easy, and fast applicability for engineers. The interesting approach
and the key to explaining these inconsistencies seem to work asso-
ciating the easiness of equations of states from phenomenological
thermodynamics, including the fluctuations phenomenon
described by the statistical thermodynamics tools. It also increases
the possibility of compiling versatile, fully predictive equations of
state.

During this work, we decided to assess the predictive capability
for the high-pressure physicochemical properties, primarily the
speed of sound for Ionic Liquids (ILs), using an extension of the
Fluctuating Equation of State. As has been known for a long time,
ILs are liquid organic salts with different physicochemical proper-
ties and can therefore be used in various fields of science. For
example, ILs can be used as electrolytes in lithium-ion batteries,
organic synthesis, catalysis, solvent extraction, they are applied
to various biochemical processes and many others [1–3].
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It is known that ionic liquids have a complicated chemical
structure and the nature of intermolecular interactions, so the
speed of sound obtained from the experiment under the elevated
pressure often does not meet the thermodynamic coherence crite-
ria. Very often, there are relaxation effects in these liquids, which
lead to the dispersion of the speed of sound, resulting in a non-
thermodynamic speed of sound. This leads to obtaining experi-
mental values not relevant for further thermodynamic modeling.
It should be noted that the equation of state derived by us excludes
the prediction of non-thermodynamic (i.e., incorrect) speed of
sound. Thus, it also verifies the experimental data of speeds of
sound.

The speed of sound as a function of a wide range of thermody-
namic variables is necessary to determine the complete thermody-
namic relations for liquids under high pressure and at elevated
temperatures. Even though the speed of sound is not a thermody-
namic property per se, it is closely related to other thermodynamic
properties of a system [4–7]. Moreover, the pressure dependence
of the speed of sound provides basic information about com-
pressed liquids, both to investigate the nature of molecular and
structural interactions and to obtain thermodynamic properties
for applications in industrial processes. It is also essential for deriv-
ing and then validating many Equations of State of practical
significance.

To date, molecular models belonging to the Statistical Associa-
tion Fluid Theory (SAFT) family are the primary tools used in the
literature to predict the speed of sound of compressed ILs over a
wide range of pressures, and temperatures [8–11]. These models
can exhibit remarkable accuracy in the comprehensive modeling
of liquid properties. On the other hand, the prediction of the speed
of sound is also possible using the recently proposed Daridon’s
method [7]. His approach uses a group contribution method to pre-
dict the speed of sound for high molecular weight n-alkanes and
depict the correlation of speed of sound as a function of tempera-
ture and pressure for pure n-alkane series.

This work is an extension of the existing Fluctuation Equation of
State, which makes it possible to predict the density, the isobaric
thermal expansion coefficient, and isothermal compressibility
[12–14] and, especially, the approach hypothesized and prelimi-
narily tested for the case of simple hydrocarbons and their mix-
tures [15].

2. Materials and Method

2.1. Materials

In this study, we used as a primary source the data publicly
available in the most comprehensive database of raw experimental
measurements of the thermodynamic properties of ionic liquids,
ILThermo (v.2.0). It was convenient to create two datasets for fur-
ther processing for each thermodynamic quantity. The first dataset
contains the information on the experiments themselves, i.e., links
to information sources, information on the components, and the
molar mass of the mixture. The second dataset contains the data
of the results of the experiments used for the processing.

The procedure was implemented via the homemade PYTHON code
for carrying out requests to the online database and saving the
obtained data in Excel spreadsheets for further processing with

MATLAB. The general principle of building such a program realization
is described in detail elsewhere [16]. Thus, we shortly note only the
basic principle of data obtaining.

In order to create the required datasets, it is necessary to
request the server where the experiment data is stored, specifying
the necessary parameters. In our case, we need to specify the num-
ber of mixture components equal to 1 (name on the form: Number

of mixture components, the parameter code is named as ncmp) and
the property of interest (name on the form: Property, parameter,
the parameter’s code is prp). For example, one needs to execute
the following program lines to get the speed of sound:

param = ’https://ilthermo.boulder.nist.gov/ILT2/i

lsearch?

cmp=&ncmp = 1&year=&auth=&keyw=&prp = HWGM’

response = requests.get(param)

data = response.json().get(’res’)

head = [’source_code’, ’source_name’, ’property’,
’phases’, ’fluid_code’, ’fluid_code2’,
’fluid_code3’, ’col_point’, ’fluid_name’]

sos_exper = pd.DataFrame(data, columns = head)

The result is a dataset with fields containing the code of an
experiment used in ILThermo (v.2.0), a reference to the experi-
ment, the property, the phase, the component’s code, several mea-
surements, and chemical formulae of components. For further
investigation, we only leave the measurements with the phase
’Liquid.’ Then, we need to obtain the measurement data for each
experiment. A list of experiment codes is generated.

sp_sos_exper_liquid = list(sos_exper_liquid
[’source_code’])

Then queries corresponding to the list of substances was carried
out in a loop, and lists with the obtained data were formed:

for i in range(len(sp_sos_exper_liquid)):
code_exp = sp_sos_exper_liquid[i]
res = requests.get(main_url + ’ILT2/ilset?set=’ +

code_exp)

Once the necessary lists had been created, the datasets were
created and sorted respectively to the lists of unique codes for sub-
stances. For these goals, a list of ionic liquids, for which data on the
speed of sound exist, was determined as follows:

sp_name_fl_unique = sos_exper_liquid
[’fluid_code’].unique()

and further requests refer to the unique codes, e.g.

https://ilthermo.boulder.nist.gov/ILT2/ilsearch?

cmp=

2-hydroxy-N-methylethanaminium

formate&ncmp = 1&year=&auth=&keyw=&
prp = xXKp

After getting all the speed of sound data, we need to get data for
the density (and the isobaric heat capacity at the ambient condi-
tion in the case of those ionic liquids modeled with the FT-EoS-
based approach at high pressures) the selected liquids. In order
to do so, the same steps are followed, but with another required
property, only in the first query for the experiments we have to
substitute the name of the liquid in the loop as well.
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2.2. Extraction of experimental data for further calculations

The set of data on the density, the heat capacity, and the speed
of sound was downloaded from ILThermo with the PYTHON code
operational principles, which are described above. In this particular
case, some additional filters were applied: the check that the
reported pressure does not exceed 102 kPa, i.e., corresponds to
the measurements at ambient conditions, the phase state is strictly
denoted as ”Liquid”, i.e., possible metastable liquids are excluded,
strictly one-component compounds, the presence of a liquid’s code
in both lists (of the density and the speed of sound). Two hundred
different ionic liquids were identified at this stage, and the raw
data were downloaded.

Nevertheless, it should be pointed out that some of these data-
sets contain only a few (or even one unique) points and are not
applicable for the goal of regression by a non-linear function
within an interval of temperatures. Therefore, the secondary check
procedures excluded those liquids for which data reported from
less than four different temperatures reduced the number of differ-
ent ionic liquids to 182 compounds.

However, there is still a problem with the coordination of data-
sets reported in different papers for the same ionic liquid and data
uncertainty because some datasets look extremely scattered as
functions of the temperature. For this reason, the following proce-
dure was applied: since the change of values is not so drastic
within the considered temperature intervals, the linear fitting of
all data belonging to each particular ionic liquid was carried out
(separately for the density and the speed of sound) and data points,
which deviate from this fitting line more than 0.5 % in the relative
average absolute deviation for the density and more than 0.2 % for
the speed of sound, were excluded. Furthermore, an additional
check that the kept values are series, which include not less than
four elements (with possible repeating temperatures for the data
from different sources), was carried out too to assure the possibil-
ity of the further fitting. After this procedure, 139 different ionic
liquids remain on the list.

Finally, it should be pointed out that the model considered
below operates with the thermodynamic qualities, i.e., it applies
to the dispersionless region of ultrasound. For ionic liquids, it is
known, see [17] that dispersion effects start to exhibit themselves
from several hundreds of MHz. The datasets reported in ILThermo
and analyzed in our work do not belong to this range; they explic-
itly stated their frequencies of ultrasound do not exceed 5 MHz; for
those datasets where the frequency is not stated explicitly, the
authors of the original works stated that the speed of sound mea-
surements belong to the dispersionless, i.e., thermodynamic, con-
ditions, for which our model is built.

2.3. Description of the procedure for predicting the speed of sound
under elevated pressure

Among different mathematical models describing the depen-
dence of the speed of sound as a function of the externally applied
pressure [18], one can note that a formula expressing the speed of
sound cubed can be fitted as a linear function of the pressure

c3ðPÞ ¼ c30 þ dsðP � P0Þ ð1Þ
that was first described by Shoitov and Otpushchennikov [19] as an
empiric observation. Here, c0 ¼ cðP0Þ is the speed of sound at atmo-
spheric pressure P0, and ds is a temperature-dependence constant,
which should be defined. Below, in the section Discussion, we pro-
pose a physical picture that leads to such behavior.

For practically all organic liquids, Eq. 1 can be applied up to
about 100–150 MPa and sometimes even for higher pressures
when the liquid is very low compressibility. For larger pressures,

one needs to expand the pressure dependence that can be
achieved, e.g., by adding a quadratic component, to obtain even
better accuracy. It is, however, small enough compared to the lin-
ear part but is required when testing liquids above 200 MPa, as dis-
cussed in [20,21,15].

Within the frames of such a fitting procedure, depending on the
pressure range, Eq. (1) can be considered as the first term of a Tay-
lor expansion of the function c ¼ c3ðPÞ along an isotherm

c3 ¼ cðP0Þ3 þ @c3

@P

� �
T;P¼P0

ðP � P0Þ:

In the above equation, the partial derivative can be expressed as:

@c3

@P

� �
T;P¼P0

¼ @c3

@q

� �
@q
@P

� �
T;P¼P0

¼ 3
2
q0j

0
Tc0

@ðqjSÞ�1

@q

 !
T;P¼P0

: ð2Þ

Thus, to estimate the speed of sound at not extremely high pres-
sures, one need to know the speed of sound and the isothermal
compressibility at ambient pressures and, also, the partial deriva-

tive of the speed of sound squared c2 ¼ ðqjSÞ�1 considered as a
function of the density. The isothermal compressibility can be easily
found via the standard thermodynamic equality

j0
T ¼ 1

q0

1
c20

þ Ta2
P;0

CP;0

 !
ð3Þ

when the speed of sound, the density, and the isobaric heat capacity
at constant ambient pressure are known (note that in Eq. (3) and
further, throughout the work, the mass-related quantities (e.g.,
the density and the specific heat capacity) are used); under these
conditions, the isobaric coefficient of thermal expansion is the sim-
ple derivative

aP;0 ¼ 1
q0

@q0

@T

� �
P;0
: ð4Þ

Thus, the main question is in determining the derivative

ð@ðqjSÞ�1
=@qÞT without the usage of the high-pressure data. It is

known [22,23] that considering the speed of sound as a pure func-
tion of the density is not enough for this goal because of the differ-
ent values of the respective derivative along the isothermal and
isobaric paths. On the other hand, the adiabatic reduced fluctuation
parameter

mS ¼ M
RT

1
qjS

; ð5Þ

which is connected with the ratio of pressure fluctuations [24]

< DPð Þ2 >¼ �RT
@P
@V

� �
S

¼ RT
M

@P
@q

� �
S

q2:

in the actual medium and in the hypothetical case where a sub-
stance acts as an ideal gas for the same pressure–temperature-vol
ume (PVT) parameters has the desired invariant property as it has
been shown in the work [15].

It can be expressed as a function of the density only

mS ¼ M
R

c2

T
� M

RT
1
qjS

¼ Kqk; ð6Þ

and this power-law scaling fulfils allows considering derivatives
with respect to the density independently of the fixed either the
pressure or the temperature.

This implies that

dmS
dq

¼ k
M
RT

c2

q
:
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Respectively, along an isotherm, i.e., for T ¼ const, where M=ðRTÞ
does not change and can be omitted,

@ðc2Þ32
@q

 !
T;P¼P0

¼ 3
2
c0

@c2

@q

� �
T;P¼P0

¼ 3
2
k
c30
q0

and the final expression, which will be applied to predict the speed
of sound, takes the form

c ¼ c0 1þ 3
2
j0

Tk P � P0ð Þ
� �1

3

: ð7Þ

3. Results

The principal studies aimed an investigation the possibility of
application of the approach based on the assumption of the linear-
ity of the pressure dependence of the speed of sound cubed (1) and
the power-law scaling of the reduced pressure fluctuations (6) as
the premise for searching the principal control parameter of this
method, can be subdivided into two particular subtasks. The first
one is the test of the validity of Eq. (6) at ambient pressure. Due
to a large number of available experimental data, we analyze the
universality of such dependence and its power-law parameter. As
the next step, we apply the revealed control quantities to the direct
test of the predictive capacity of the expression (7).

3.1. Using experimental data under ambient pressure: a test of the
power-law scaling

The data on the density and the speed of sound filtered as
described in subsection 2.2, were polynomially fitted as functions
of the temperature: if a dataset is short (less than five data points),
the linear fit was applied; otherwise – the quadratic one; for the
sake of numerical stability, the centering and scaling of the data
was applied as an intermediate step during the regression proce-
dure. The resulting approximations of the data and the respective
data themselves are shown in Fig. 1. One can see that the fitting
functions (lines) reproduce the course of data (circles) sufficiently
accurately.

The data were filtered in such a way that we used them to check
the fulfillment of the power-law dependence on the density, Eq.
(6).

For this purpose, the equispaced sets of the density and the
speed of sound values were calculated with the polynomial
approximations described above from T ¼ 293:15 K to
T ¼ 343:15 K (this interval covers the majority of existing experi-
mental measurements, see Fig. 1(B)), with the step 10 K. Fig. 2 rep-
resents the respective plots, where the experimental-based
quantities are shown as dot. In double logarithmic coordinates
used for demonstrability, one can see that they follow straight lines

lnðmSÞ ¼ ln Kð Þ þ k lnðqÞ ð8Þ

as expected from Eq. (6).
The linear regression (shown as a line for each dataset in Fig. 2)

gives the slope of such a line, i.e., the desired parameter k. Even by
a naked eye, it is visible that all slopes are very similar. The
descriptive statistics confirm this; see the box-and-whiskers plot,
Fig. 3(A), which indicates that they are concentrated within a
rather narrow range. At the same time, there are several outliers
denoted as red pluses, a few already, 7 of 139. This liquids are:
N-methyl-2-oxopyrrolidinium formate, trimethylammonium
hydrogen sulfate, 2-hydroxy-N,N,N-trimethylethanaminium (S)-
2-hydroxypropanoate, N-(2-hydroxyethyl) benzenaminium propi-
onate, 1-hexyl-3-methylimidazolium thiocyanate, 1-ethyl-1-
methylpyrrolidinium ethyl sulfate, and 3-hexyl-1-methyl-1H-
imidazolium bromide. A more detailed investigation of the respec-
tive experimental data revealed that these substances are charac-
terized by a limited number of experimental data, which still
have a rather irregular scattering with high uncertainty around
the fitting polynomials. Therefore, they should be excluded from
consideration from the statistical point of view as requiring addi-
tional experimental measurements aimed at the more reliable
determination of their thermodynamic properties.

Fig. 3(B) demonstrates the distribution histogram for the rest of
132 ionic liquids, which are accepted as based on reliable data;
bins of the histogram are centered in points from 9.25 to 12 with
equal widths of 0.25. It can be stated that the range of change of
k for ionic liquids is quite narrow. The distribution has a clear max-
imum, the model is k ¼ 9:14; the mean value is k ¼ 10:55, close to

Fig. 1. The temperature dependencies of the density (A) and the speed of sound (B) at ambient pressure for 140 ionic liquids (each liquid is marked by a different color, see
the complete list of ILS in Supplementary Information). Circles denote experimental data, and lines show linear or quadratic fits in the least mean squares sense.
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the median equal to k ¼ 10:50; the standard deviation is equal to
stdðkÞ ¼ 0:61.

3.2. The results of calculations of the speed of sound in the high-
pressure range

Usually, the experimental data for ILs, the density, and speed of
sound at atmospheric pressure, are much more common than
experimental data for the speed of sound in the high-pressure
range. Our work focused only on experimental data from the
ILThermo database intended to not refer to any data either calcu-
lated or predicted by any model approaches that are not observed
in real measurements. Based on this, the high-pressure values of
speed of sound for nine ILs were collected. The speed of sound of
ILs was predicted and assessed using 589 data points using Eq.

(7) with parameters found using only the fitting experimental data
measured at ambient pressure.

Fig. 4 shows an example of such data preprocessing for 1-ethyl-
3-methylimidazolium bis((trifluoromethyl)sulfonyl)imide. It is
worth noting that such a filtering procedure is already necessary
since it is visible that the experimental data are already very scat-
tered, especially on the density, speed of sound, and isobaric heat
capacity. In our approach, large outliers, marked as red ’x,’ some
of which are beyond any reasonable experimental uncertainty,
were excluded from the trend during the evaluation procedure.
The rest of the data were used to calculate parameters of Eq. (7)
and the speed of sound itself with this formula.

Fig. 5 presents a comparison of the pressure dependence of the
speed of sound of 1-ethyl-3-methylimidazolium bis((trifluorome
thyl)sulfonyl)imide between the values calculated via this route
and collected experimental results. We obtained one of the better

Fig. 2. The dependence of dimensionless reduced pressure fluctuations on the density in 140 ionic liquids (the color coding is the same as in Fig. 1); dots are values calculated
with the fits of experimental data, and straight lines are the linear fits of the latter considered in the double logarithmic coordinates.

Fig. 3. A standard box-and-whiskers plot describing statistics of the parameter k for all 139 explored ionic liquids (A) and the distribution of k values with excluded outliers
(B).
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results for this IL, where the average absolute deviations (AAD)
were only 0.1 %.

At the same time, it should be stressed that such a perfect pre-
diction is achieved due to the regularity and consistency of the ref-
erence data used for the determination of the parameters. Our
second example, 1-butyl-3-methylimidazolium hexafluorophos-
phate illustrates this caveat. Fig. 6 indicates that the data provided

by different authors are significantly inconsistent that influence
the prediction quality even after removing the most deviating
ones. In this respect, the uncertainty in the pressure and the speed
of sound is most influential for two reasons: 1) the term 1=ðq0j0

TÞ is
leading in Eq. 3 and, respectively, influences the slope of the speed
of sound cubed as a function of the pressure; 2) deviations in the
speed of sound c0 directly lead to the displacements in the whole
set of the resulting CðPÞ as it directly follows from Eq. (7). The latter
fact is the most obvious: among the data c0ðTÞ shown in Fig. 6, one
can see a sequence of points, which follow the dashed line shifted
relatively to other data following the solid line. The fact is that val-
ues at ambient pressure correspond to measurements reported for
high pressures. As a result, the predicted values obtained using the
most consistent regularities in the data at ambient pressure give
the relative average absolute deviations 2:5 % from the experimen-
tally reported values. They are shown in Fig. 7 as solid lines and cir-
cles, respectively. On the other hand, if to refer to the initial values
of the speed of sound, which are 1:5 % less than the other (the
dashed line in Fig. 6), the deviation reduces down to 0:94 %, see
the dashed curves in Fig. 7. The difference in the slope still kept
even, in this case, originates from uncertainty in the density values
forming rather a wide stripe than a line in Fig. 6.

The obtained results for all collected ILs with model character-
istic k, average absolute deviations (AAD), and uncertainties of
experimental data unstrexp are presented in Table 1. By applying
our method, the agreement, well-coordinated with the possibilities
of actual experimental methods, is observed between experimen-
tal and predicted high-pressure speed of sound data for all col-
lected ILs from the ILThermo database. An overall relative
average absolute deviation (RAAD) is close to 0.85 %.

Fig. 4. The density, speed of sound, heat capacity as a function of temperature, and the natural logarithm of the square of the speed of sound to temperature as a function of
the natural logarithm of density for 1-ethyl-3-methylimidazolium bis((trifluoromethyl) sulfonyl)imide.

Fig. 5. A comparison of the pressure dependence of the speed of sound between FT-
EoS and collected experimental results for 1-ethyl-3-methylimidazolium bis((tri-
fluoromethyl)sulfonyl)imide for (288, 292, 298, 308 and 318) K from up to down.
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4. Discussion

The possibility of an approximate prediction of the speed of
sound in ionic liquids under elevated pressures and on the data
obtained at ambient pressure has premises in two kinds of scaling
dependencies: between the speed of sound and the pressure, and

between the thermodynamic fluctuations of thermodynamic quan-
tities and the density.

The first kind of scaling is dated back to the empiric Rao rule,
which was initially detected for the ambient pressure data [25]
in the form

Fig. 6. The density, speed of sound, heat capacity as a function of temperature, and the natural logarithm of the square of the speed of sound to temperature as a function of
the natural logarithm of density for 1-butyl-3-methylimidazolium hexafluorophosphate.

Fig. 7. A comparison of the pressure dependence of the speed of sound between FT-
EoS and collected experimental results for 1-butyl-3-methylimidazolium hexaflu-
orophosphate for (283, 291, 293, 294, 303, 313 and 323) K from up to down.

Table 1
Obtained results for all collected ILs from ILThermo database with model character-
istic k, average absolute deviations (AAD) and uncertainties of experimental data
unstrexp. The maximal pressures are either 100 MPa or 150 MPa.

IL name k AAD
[%]

unsrtexp
[%]

1-butyl-3-methylimidazolium dicyanamide 10.2 1.2 1.4
1-butyl-3-methylimidazolium tetrafluoroborate 10.6 1.2 0.43
1-butyl-3-methylimidazolium

hexafluorophosphate
10.8 2.4 0.53

1-butyl-3-methylimidazolium
hexafluorophosphate

10.8 0.94* 0.53

1-butyl-3-methylimidazolium
trifluoromethanesulfonate

10.4 1.1 1.4

1-ethyl-3-methylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.2 0.1 0.15

1-butyl-3-methylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.4 0.16 0.23

1-butyl-1-methylpyrrolidinium bis
((trifluoromethyl) sulfonyl)imide

10.6 0.56 1.1

1-methyl-3-pentylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.5 0.43 0.2

1-hexyl-3-methylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.4 0.076 0.47

* When the speeds of sound at ambient pressure are coordinated with the values
provided in the same source as for the high-pressure data, their relative difference
with the data obtained by averaging over all available sources is about 1.5 %.
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c1=3

q
¼ K ð9Þ

where K is a compound-specific constant. Later, the similar
expression

c1=3

q
¼ K0 ð10Þ

was found [26] for the dependencies measured along isotherms.
However, it should be pointed out that the parameter K0 included
in Eq. (10) does not coincide with K included in Eq. (9), making
impossible the direct transfer of data from the isobaric to the
isothermal path [22,23]. At the same time, the isothermal functional
form (10) has a more substantial background from the molecular
point of view [27,28]. Note that it can be rewritten as

c3 ¼ K0q9; ð11Þ
whence one needs to consider the relation of the 9th degree of the
density along an isotherm to the pressure applied. Nevertheless,
there is no universal power-law dependence valid for all kinds of
liquids and pressure range [29] although it can be found for very
high pressure. Recently, this fact was explained within the frame
of the two-state model [30], which considers the structural differ-
ence between the loosely and closely packed structure of a liquid
under moderate and high pressures, respectively.

At the same time, there is a more accurate adibatic equation of
state first proposed by Brinkley Jr & Kirkwood [31] and well-
supported further experimental investigations. It has the form

P � P0 ¼ BðSÞ q
q0

� �c

� 1
� �

; ð12Þ

as a direct generalization of the adiabatic equation of state of gases
but here c is not the ratio of heat capacities but some empiric
coefficient.

It is well-known that the entropy of liquid changes more slowly
along isotherms than along the ambient pressure isobar. As a con-
sequence, the expression similar to Eq. (12) is sometimes used for
the isothermal change of the density (Murnaghan’s equation); in
particular, Chueh & Prausnitz [32] considered the dependence

q
q0

� �9

¼ 1þ 9j0
T P � P0ð Þ; ð13Þ

where j0
T is the isothermal compressibility at ambient (or satura-

tion) pressure for several organic liquids.
The same form as Eq. (13) with c ¼ 9� 11 has also been actively

explored more recently [33–35] within the concept of the density
scaling regime of different compressed liquids including ionic ones.
The substitution of Eq. (13) in Eq. (11) gives

c3 ¼ K0q9
0 1þ 9j0

T P � P0ð Þ� �
; ð14Þ

i.e. the same dependence of the speed of sound cubed, which we
used as the principal assumption in our derivation; here K0q9

0 ¼ c30
but the coefficient K0 itself is still indefinite.

At the same time, it is worthy that the more accurate is the iso-
baric equation rather than the isothermal one. Thus, we need to

Fig. 8. (A) The plot demonstrating the density scaling of the variable part of the reduced pressure analogues to Fig. 2 NaNO3 (circles), RbNO3 (squares), and CsNO3

(diamonds); comparisons of the predicted and experimental data: (B) for NaNO3 along isobars (18.6, 100.0, 200.0, and 283.0) MPa ordered from down to up; (C) for RbNO3

along isobars (25.2, 84.4, 153.0, 227.8, 304.2, and 343.8) MPa ordered down to up; (D) for CsNO3 along isobars (23.6, 85.4, 153.1, 227.7, 304.2, and 346.4) MPa ordered from
down to up.
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operate with relations that are less sensitive to the change in ther-
modynamic path. In this sense, it is crucial that the sound spread is
an adiabatic (isentropic) process and fluctuations of the pressure,
expressed via the speed of sound Eq. 2, and the fluctuations of
entropy are independent [24]. Thus, when we used the fitting of
the reduced pressure fluctuations as a power-law function of the
density along an isobaric path (where the entropy changes signif-
icantly), we are entitled to transfer the obtained power-law index
to the isothermal path. This is the main advantage of our approach,
based on the fundamental statistical physics, over Rao’s (or Rao–
Carnevale–Litovitz’s) approach, which lacks such invariance.

Finally, as a short additional test, we applied our approach to
predict the speed of sound under pressure for molten salts, which,
as ionic liquids, belong to the class of substances with strong ionic
interaction but exist in liquid state in a much more high range of
temperatures. It is worth noting that the number of high-
pressure speed of sound data for molten salts is extremely scarce.
Thus, as an example for this case study we used high-pressure
experimental data for three molten salts, namely i) sodium nitrate,
NaNO3, ii) rubidium nitrate, RbNO3, and iii) cesium nitrate, CsNO3

reported in the work [36]. The full set of thermodynamic data mea-
sured at atmospheric pressure was taken from Refs. [37–40]. The
obtained results for these compounds are shown in Fig. 8 as a com-
parison of the predicted (lines) and the experimental (markers)
values.

The primary question, which should be answered as giving the
principal criterion of validity of the model (7), is whether the
reduced pressure fluctuations scale as a power-law function of
the density. Fig. 8 positively answers this question: for NaNO3

and RbNO3 linearity of the fit looks perfect, the situation CsNO3

is less accurate but still acceptable. Note that the original experi-
mental data for this molten salt are also more scattered compared
to two others that may originate from complications with the mea-
surements at higher temperatures. The values of the scaling
parameter k are equal to 7.12, 7.24, and 6.04 for NaNO3;RbNO3,
and CsNO3, respectively. These values are less than for room-
temperature ionic liquids shown in Fig. 3. This fact is in line with
the observation that the classic isobaric Rao’s parameter is less
than most molecular liquids, as discussed in Ref. [37].

However, these diminished values of the scaling parameter do
not prevent the possibility of predicting the speed of sound in mol-
ten salts at elevated pressures, even up to the higher pressures in
comparison with room-temperature ionic liquids, as one can see
in Figs. 8 (B)–(D). Note that the data are represented along isobars
correspondingly to the procedure of measurements and raw exper-
imental data reported in Ref. [36]. The AADs for NaNO3;RbNO3, and
CsNO3 are 0.77 %, 1.02 %, and 1.20 %, respectively. We would like to
highlight that uncertainty of experimental data themselves is
about 1 %. Therefore the predictions are in the range of uncertainty
of the measured values (also note a visible scattering of the latter
in Figs. 8 (B)–(D)).

Thus, we can conclude that the strong ionic interactions and
high temperatures do not hinder the use of the proposed methods,
as demonstrated by its application to molten salts.

5. Conclusions

In light of this work, one can conclude that the proposed
method can truly predict the speed of sound of ILs under high-
pressure conditions with high accuracy. The density, speed of
sound, and isobaric heat capacity at atmospheric pressure were
used for the calculations. The modifications and modeling of the
equation of state based on the fluctuation theory for first density,
isobaric thermal expansion coefficient, isothermal compressibility,
and second speed of sound are the strong fundaments of useful

equations of state for the prediction various thermophysical prop-
erties. It is worth noting that this proposed model of fluctuation
equation of state based on the knowledge of simple physicochem-
ical properties obtained from an uncomplicated experiment at
atmospheric pressure correctly predicts the thermodynamic prop-
erties of compressed liquid phase without prior knowledge of any
properties of the tested object under elevated pressure. At the
same time, we need to attract attention to the fact that such an
approach requires establishing the consistency of the respective
experimental data because the predictive capacity of the model
at high pressures is heavily dependent on the accuracy of inputs
used for the calculation of its parameters. This mathematical
model will be, in the future, the starting point for the construction
of relatively easy calculation tools for full and proper thermody-
namic descriptions of compressed liquids.
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data of selected oils analyzed in the density scaling regime, J. Mol. Liq. 353
(2022) 118728, https://doi.org/10.1016/j.molliq.2022.118728.

[36] J. Petitet, L. Denielou, R. Tufeu, Thermodynamic properties of molten nitrates
under pressure obtained from velocity of sound, Physica B+C 144 (1987) 320–
330, https://doi.org/10.1016/0378-4363(87)90013-1.

[37] R. Higgs, T. Litovitz, Ultrasonic Absorption and Velocity in Molten Salts, J.
Acoust. Soc. Am. 32 (1960) 1108–1115, https://doi.org/10.1121/1.1908357.

[38] L. Denielou, J.-P. Petitet, C. Tequi, D. Sirousse-Zia, Masse volumique et
coefficient de dilatation des nitrates alcalins fondus et de leurs mélanges,
Journal de Chimie Physique 74 (1977) 247–248, https://doi.org/10.1051/jcp/
1977740247.

[39] P. Cerisier, G. Finiels, Y. Doucet, La célérité des ultra-sons et son exploitation
thermodynamique dans les mélanges de sels fondus-II. — Études de quelques
halogénures et nitrates alcalins, Journal de Chimie Physique 71 (1974) 836–
841, https://doi.org/10.1051/jcp/1974710836.

[40] D. Sirousse-Zia, L. Denielou, J. Petitet, C. Tequi, Complément à l’étude
thermodynamique de sels fondus à anion polyatomique, J. de Physique Lett.
38 (1977) 61–63, https://doi.org/10.1051/jphyslet:0197700380206100.

B. Jasiok, E.B. Postnikov, Ivan Yu. Pikalov et al. Journal of Molecular Liquids 363 (2022) 119792

10

74

75:5650894150



Katowice, 11.04.2023 r. 

Instytut Chemii 

Wydział Nauk Ścisłych i Technicznych 

Uniwersytet Śląski w Katowicach 

ul. Bankowa 12, 40-007 Katowice 

 

Statement on the contribution to the publication 

Publication: 

B. Jasiok, E.B. Postnikov, I.Yu. Pikalov, M. Chorążewski, Prediction of the speed of sound in 

ionic liquids as a function of pressure. Journal of Molecular Liquids 2022, 363, 119792, DOI: 

10.1016/j.molliq.2022.119792. 

 

We hereby state that the contribution to the work published jointly with Bernadeta Jasiok is in 

accordance with the description below: 

 

 

75

76:1376068856



 

 

 

76

77:6699934872



This journal is©the Owner Societies 2021 Phys. Chem. Chem. Phys.

Cite this:DOI: 10.1039/d0cp06458k

Liquid dibromomethane under pressure:
a computational study†
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Molecular dynamics simulations have been performed on liquid dibromomethane at thermodynamic

states corresponding to temperature in the range 268–328 K and pressure varying from 1 bar to

3000 bar. The interaction model is a simple effective two-body pair potential with atom–atom Coulomb

and Lennard-Jones interactions and molecules are rigid. Thermodynamic properties have been studied,

including the isobaric thermal expansion coefficient, the isothermal compressibility, the heat capacities

and the speed of sound. The simulation results exhibit a crossing of the isotherms of the isobaric

thermal expansion coefficient at about 800 bar in very good agreement with the prediction of an

isothermal fluctuation equation of state predicting such a crossing in the pressure range 650–900 bar,

though experimental results up to 1000 bar do not find any crossing.

1 Introduction

Thermophysical properties of liquids such as compressibilities,
thermal expansivity and heat capacities are quantities of great
interest in several fields of physics and physical chemistry. They
are of fundamental interest to characterize the macroscopic
properties of fluids, they can be used to test the quality of
equation of states and their modeling can find useful applica-
tions in chemical engineering. Thus many studies have been
devoted to experimental measurements of the thermophysical
properties of liquids and mixtures. Particularly, the effect of
temperature and pressure on isothermal and isentropic com-
pressibility, isobaric thermal expansivity, constant volume and
constant pressure heat capacities, speed of sound has been
investigated by experiment for hundreds of molecular systems
and mixtures.

For example, analysis of the pressure effects on isobaric thermal
expansion coefficient aP of water has revealed a particular behaviour
with an increase of aP vs. pressure at low temperatures and a
decrease of aP vs. pressure at higher temperatures.1,2 Isotherms of

aP vs. pressure are found to cross in different pressure range
(between 2500 and 5000 bar, depending on the temperature varying
from 245 to 410 K).2 Isobares of aP vs. temperature cross at a
temperature of C323 K2�C315 K3. This temperature has been
found to correspond to the minimum of isothermal compressibility
isobares vs. temperature.3

For many molecular liquids, experiments show that the
isobaric thermal expansion coefficient isotherms cross at a
given pressure or within a particular range of pressures
-usually below 200 MPa-, depending on the explored tempera-
ture range, and at low pressure aP increases as the tempera-
ture increases.4,5 This has been observed for example for noble
gases,6–8 n-hexane9 and longer chain alkanes,10 bromo-1-
alkanes,11,12 a,o-dibromoalkanes except dibromomethane,13

quinoline,14 alkylamines,15–17 benzene and tetrachloromethane,10

ethanol18 (though no crossing was found in another study17),
toluene.19 However, for other systems like for example several
families of room temperature ionic liquids20–22 or 1-phenyldecane
and 1-phenylundecane,23 the crossing of aP isotherms has not been
observed and at low pressures, aP decreases as the temperature
increases. For alcohols like 1-nonanol, the same behaviour have
been observed24 whereas for 2-hexanol no crossing has been
observed but at low pressures, aP increases as the temperature
increases.25 Isomers of chloropropane have also different behaviours
for the thermal expansion coefficient. For both 1-chloropropane and
2-chloropropane, at low pressure, qaP/qT|P is positive, but up to
65 MPa, no crossing of aP isotherms is observed for 1-chloropropane
and a crossing is observed for 2-chloropropane around 12 MPa. For
dichloromethane, bromochloromethane and dibromomethane, no
crossing of the thermal expansivity isotherms has been found up to
100 MPa26 though a fluctuation model predicts a crossing for

a Institute of Chemistry, University of Silesia in Katowice, Szkolna 9,

40-006 Katowice, Poland. E-mail: bjasiok@us.edu.pl
b Department of Theoretical Physics, Kursk State University, Radishcheva St., 33,

305000 Kursk, Russia
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dibromomethane within the pressure range C65–90 MPa.27 In
contrast, the experimental results and the predictions of the fluctua-
tion model of a,o-dibromoalkanes with from two to six carbon
atoms exhibit a crossing within a narrow pressure range around
40 MPa.

Explanation of such behaviours of the isobaric thermal
expansivity is not yet fully rationalized. Some attempts have
been proposed relying on the analysis of the anisotropy of
intermolecular vibrations11,12 and of the change of shape of the
intermolecular potential induced by a pressure increase.28

Apart from thermodynamic models and equation of states,
computer simulations offer an alternative route to model
thermophysical properties of liquids and potentially should
be able to help to find a molecular interpretation of the above
mentioned regular and abnormal behaviours in the tempera-
ture and pressure evolution of these properties. The thermo-
physical properties can be obtained from simulation by a
thermodynamique route through PVT data or by fluctuation
formulae in appropriate statistical ensembles.29–37 Compari-
sons of force field performances for modeling the thermo-
physical properties of organic liquids and mixtures have been
published.38,39

In this work, we have been interested in the case of dibro-
momethane and we chose to analyze its thermophysical proper-
ties by molecular dynamics (MD) simulations in the
temperature range 268.15–328.15 K and at pressures up to
3000 bar (300 MPa). The choice of this substance among other
representatives of the series a,o-dibromoalkanes is motivated
by the fact that dibromomethane allows taking into account an
influence of halogen atoms in the most direct way. Especially it
relates to the hypothesis connecting the crossing ap isotherms
with the molecular packing. With this respect, the presence of
several pure methylene groups in longer a,o-dibromoalkanes
could make their influence more valuable. In particular, the
packing ratio at the normal freezing/melting of the series from
1,3-dibromopropane to 1,6-dibromohexane belong to the
narrow interval 0.63–0.64 despite different melting tempera-
tures and densities (and even the odd–even effect), while
dibromomethane is characterized by the more loose packing
0.59 at this condition. The respective values of the packing ratio
has been determined as the product f = rmVvdW of the densities
rm estimated at the melting temperatures40 and the van der
Waals volumes VvdW calculated by the procedure given in
ref. 41. Respectively, one can expect that this packing uniformity
may be reflected in the uniformity of the isobaric isotherms
crossing at higher temperatures and pressures.27 At the same
time, more specific packing of simpler molecules of dibromo-
methane provides expectations that molecular dynamics simula-
tions may provide more direct insight in the microscopic origin of
the mentioned phenomenon.

The main aim of this study is to clarify the disagreement
between the experimental results showing no crossing of the aP

isotherms up to 100 MPa and the prediction of a fluctuation
equation of state predicting a crossing in a relatively wide range
of pressure below 100 MPa. In Section 2, details about the
simulations are given. Section 3 presents our results for isobaric

thermal expansion coefficient, isothermal compressibility, con-
stant volume and constant pressure heat capacities and speed of
sound. The conclusion suggests a possible extension to this work.

2 Simulation details

The molecular geometry has been optimized at Hartree–Fock
level with a 6-31G* basis set. The bond lengths are equal to
1.929817 Å for carbon–bromine and 1.071976 Å for carbon-
hydrogen bonds. The angles Br�C�Br and H�C�H are equal
to 113.11 and 112.11, respectively. Atomic partial charges have
been obtained from ab initio calculation at Hartree–Fock (HF)
level with the 6-31G* basis set. This level of calculation is
consistent with the derivation of the Amber force field para-
meters. A grid of 10 918 points surrounding a single molecule
has been built with a spacing of 0.35 Å in each Cartesian
direction with points located at distances between 1.5 and
2.5 times the van der Waals radius of each atom and removing
the points located at distances from any atom which are
smaller than 1.5 times its van der Waals radius. The electro-
static potential around the molecule has been computed at
HF/6-31G* level at each point of the grid. Then, a set a charge
has been optimized by the standard minimization of the mean
square differences (over the grid of points) between the target
ab initio electrostatic potential and the one reproduced by the
set of atomic charges.42,43 The van der Waals radii are taken
from Bondi for the carbon and bromine atoms and from
Rowland for the hydrogen atom.44,45 The Lennard-Jones para-
meters have been taken from the GAFF2 force field and finely
tuned in order to reproduce vaporization enthalpy at 298 and
313 K with the experimental density. After several tests including
parameters of different hydrogen and carbon types of the GAFF2
force field and OPLS-AA parameters, a reasonable set has been
obtained from the GAFF2 parameters of atoms corresponding to
the types c3, br and hc of this force field, and slightly modified.
The atomic charges and final Lennard-Jones parameters are
gathered in Table S1 of the ESI.† Ab initio calculations have been
performed with the Gaussian program46 and the charges fitted
with a home-made code.

MD simulations are performed using periodic boundary
conditions (PBC) with N = 1000 rigid molecules in the central
cubic box interacting through an atom–atom two-body
potential containing Lennard-Jones and Coulomb interactions.
Equations of motion are solved using center of mass degrees
of freedom and a leapfrog quaternion algorithm due to
Svanberg47 with a time step equal to 2 fs. It is derived from
an algorithm proposed by Fincham29,48 and improves the
conservation of energy significantly. In this approach, the
quaternion vector Q(t + Dt/2) for each molecule is obtained
iteratively. In our implementation of the algorithm, iterations
are stopped when the norm of its variation between two
consecutive iterations is lower than 10�9. Electrostatic interac-
tions are computed using lattice summations based on the
Ladd approach, initially proposed for assemblies of point
dipoles49–51 and generalized to systems of point charges52,53
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leading to expressions equivalent to the ones proposed by other
groups.54,55 A reaction field contribution is added with the
dielectric constant of the surrounding continuum equal to
infinity, thus the method is physically equivalent to the standard
Ewald approach.51 As previously, the expansion of the electrostatic
interaction energy in cubic harmonics has been truncated at the
rank 10, which has been proven to be sufficient to get good
accuracy.51,56 The van der Waals interactions are truncated
beyond a molecular-based cutoff of 20.0 Å. Usual corrections on
potential energy and pressure due to this cutoff have been
applied.29 MD simulations are performed with home-made
simulation codes.

The system has been studied at five temperatures varying
from 268.15 to 328.15 K by step of 15 K and densities fitted to
get nine pressures, specifically 1, 250, 500, 750, 1000, 1500,
2000, 2500, and 3000 bar (1 bar = 105 Pa = 105 kg m�1 s�2). Each
simulation, labeled by pressure P and temperature T, is
obtained in two stages, an equilibration and thermalizing one
and a production one.

During the equilibration and thermalization stage, the sys-
tem is simulated during periods of 2 � 105 time steps at chosen
densities with scaling of velocities and angular momenta every
100 steps in order to bring the system at the chosen tempera-
ture. The pressure is computed and used to guide the changes
of density iteratively. After three iterations, one get desired
pressures in the production runs with a maximum error of
0.7% (except for the runs at 1 bar, for which such an accuracy is
unattainable with a reasonable simulation length).

Fig. 1 presents a comparison of the temperature and pres-
sure dependence of the liquid density between our simulations
and experimental results in the range 293–313 K and 1–1000 bar.26

At 1 bar, the potential reproduces very well the density and its
temperature dependence. As the pressure increases, the potential
has the tendency to slightly underestimate the density (by C0.3%
at 1000 bar) but the temperature evolution remains correct. Thus
this potential, though quite simple, is reasonable to tackle a study
of thermophysical properties of this liquid.

During the production stage of each simulation, 106 time
steps at constant energy (NVE simulation). Additionally, the

total linear momentum of the simulation box is equal to zero.
The imposed energy is the average total (internal) energy
obtained in the last quarter of the last thermalisation run. In
order to correct the small drift in energy due to finite time step
and cutoff of Lennard-Jones interactions, a rescaling of velo-
cities and angular momenta is performed every 103 time steps
in order to preserve the energy conservation. As an example, for
the simulation at 328 K and 1 bar, the scaling factor distribu-
tion function for linear velocities and angular momenta at half-
height corresponds to values in the range 1 � 0.0005 and the
extreme values are around 1 � 0.001. Averaged translational
and rotational temperatures are computed during the simula-
tion from molecular velocities and angular momenta. Tables S2
of the ESI,† contain the values of density, imposed internal
energy, computed pressure, and computed temperatures of
each simulation run.

3 Results
3.1 Isobaric thermal expansion coefficient

The isobaric thermal expansion coefficient aP has been calcu-
lated from the thermodynamic definition. Using the number
density r = N/V with N the number of molecules and V the
volume, aP is given by:

aP ¼ �
1

r
@r
@T

� �
P

(1)

where r = N/V, V, P and T are the density, volume, pressure and
temperature of the system. The partial derivative in eqn (1) is
obtained, for each of the eight studied pressures, from a fitting
of the temperature dependence of the volume (five values) by a
polynomial of order 2. The raw MD results are presented in
Fig. 2a. One observes the crossings of isotherms in a range of
pressures from C500 to C1500 bar. It is interesting to compare
this result with a previous study of a,o-dibromoalkanes by a
fluctuation model.27 This model predicts a crossing of iso-
therms around C400 bar in a narrow pressure range in the
series from a,o-dibromoethane to a,o-dibromohexane, whereas
dibromomethane has a peculiar behaviour: the crossing occurs
at higher pressures, between C650 and C900 bar. From
extensive studies of experimental data, Randzio et al.9 proposed
a linear correlation between 1/aP

2 and the pressure P. Testing
this relationship on our MD data, one obtains the graph of 1/aP

2

vs. P of Fig. 2b where the circles are the MD values of 1/aP
2 and

the straight lines are the best linear regression between the MD
points. One can observe that MD points are randomly distrib-
uted with respect to the best linear regression. Then, using the
fitted aP, the isotherms are modified according to Fig. 2c. Now,
the crossing is better located at about 780 � 50 bar, within the
range of pressure predicted by the isothermal fluctuation
equation of state.

From this thermodynamic route, it is not direct to obtain
error bars on the numerical values of Fig. 2a–c. However, their
monotonic character seems to indicate that the error bars are
rather small. This observation can be compared to a study of
thermophysical properties of CH4 and CO2 hydrate mixtures in

Fig. 1 Temperature dependence of the density of liquid dibromo-
methane. Black circles: simulation results at nine pressures (from bottom
to top: 1, 250, 500, 750, 1000, 1500, 2000, 2500 and 3000 bar). Blue
squares: experimental results from ref. 26. The black solid lines and the
blue dashed ones are guides for the eye. 1 bar = 105 Pa = 105 kg m�1 s�2.
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which the isobaric thermal expansivity and the isothermal
compressibility have been obtained through MD simulations
by a fluctuation formula in the NPT ensemble and by the
thermodynamic route. The thermodynamic route exhibits a
regular monotonic behaviour, whereas the fluctuation route
gives values much scattered with respect to the average curve.57

3.2 Isothermal compressibility

The isothermal compressibility kT has been obtained from the
thermodynamic definition:

kT ¼
1

r
@r
@P

� �
T

(2)

The partial derivative in eqn (2) is obtained, for each of the five
studied temperatures, from a fitting of the pressure depen-
dence of the density (nine values) by a polynomial of order 3.
The results are given in Fig. 3. In this figure, one also reported
experimental determination from literature at 298.15 and

313.15 K up to 1000 bar and an extension of the acoustic
method to the other studied temperatures and up to 3000 bar
based on the Heun’s predictor–corrector method. One can
notice a rather good agreement between simulation and experiment
except that (i) the model has a tendency to slightly undertestimate
the isothermal compressibility at the lowest pressures and (ii) at
high pressure and above 298 K, the decrease of kT observed with an
increase of pressure is not well reproduced.

3.3 Constant volume heat capacity

The constant volume heat capacity has been computed from
the fluctuation formula in the NVE ensemble:29–31

cV ¼
3NkB

1�
dEkin

2
� �
3NkB2T2

(3)

where dEkin = Ekin � hEkini, with Ekin the total (translational and
rotational) kinetic energy of the system of N rigid molecules
(having each 3 translational and 3 rotational degrees of free-
dom), kB is the Boltzmann constant and T is the temperature.
As this formula involves a statistical average, it is trivial to
compute an error bar from subaverages. The results are given in
Fig. 4. One can see that though our simulations are quite long,
the error bars are still larger than the interval between two
consecutives plots of the isotherms of the heat capacity. Com-
paratively, the points are less scattered using the thermody-
namic route. From the examination of these curves, one can
anticipate that it would be necessary to increase the sampling
by about an order of magnitude to bring the errors bars of the
fluctuation route at the level of the present thermodynamic
route. One can also note that the curves of cV with the thermo-
dynamic route as a function of pressure are less monotonic that
those of aP and kT. This is probably due to a larger incertitude
on the energy caused by the incertitude on the volume. This
incertitude should be reduced by increasing the sampling to
establish the volume vs. pressure curves and by increasing the
number of sampled isotherms.

Fig. 2 Isobaric thermal expansivity. (a) aP isotherms at 268.15. 283.15,
298.15, 313.15 and 328.15 K from raw MD density results. (b) Correlation
between (1/aP)2 and pressure P. Black circles: Raw MD values. Continuous
orange line: Best linear regression through the points. The curves are
successively shifted by 1.0 along the y axis. (c) Same as graph (a) with aP

fitted according to the linear correlation observed in graph (b).

Fig. 3 Isothermal compressibility kT. Continuous lines: MD results using
thermodynamic definition. Dotted lines: experimental determination at
298.15 and 313.15 K from an acoustic method from ref. 26. Dashed lines:
extrapolation of the data based on an acoustic method from ref. 26 using
the Heun’s predictor–corrector method.58,59
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On the other hand, cV can also be calculated from the
thermodynamic definition:

cV ¼
@E

@T

� �
V

(4)

where E is the internal energy (total energy of our MD runs) and
V the volume of the system. As our MD thermodynamic states
are along isotherms and isobars, the use of eqn (4) is not direct.
To use it, one first fits the total energy E vs. volume V using a
third-order polynomial for each isotherm. Second, for each MD
state characterized by (E,V), one computes the energy along the
isochore V for the four other states located on the four other
isotherms. Third, along each isochore, the total energy E is
fitted by a second-order polynomial as a function of tempera-
ture T, in order to get the partial derivative of eqn (4) at each
MD thermodynamic state. Obviously, such a procedure involves
to generate thermodynamic states which are outside the range
of volume of the simulated states. In order to avoid dubious
extrapolations, the third step to get cV is performed only for the
thermodynamic states verifying that the isochore contains at
least four values of the volume within the range explored by the
MD isotherms. The values obtained by this thermodynamic
route are given in the Fig. 4. The agreement is quite good with
the results of the fluctuation route according to the amplitude
of the error bars.

3.4 Constant pressure heat capacity

The constant pressure heat capacity cP has been obtained by the
thermodynamic definition:

cP ¼
@H

@T

� �
P

(5)

where H = E + PV is the enthalpy of the system. In contrast to the
calculation of cV, as our simulated thermodynamic states are
adjusted to correspond to selected pressures, along each iso-
bare, one computes H from the values of the energy and the
volume and this quantity is directly fitted as a function of
temperature by a second-order polynomial to get the partial
derivative of eqn (5). This quantity is plotted as a function of
pressure in Fig. 5. Here we cannot give easily the error bars, but

they are of the same order as for cV, simply increased by a
contribution due to the incertitude on the PV term.

As the molecules are considered as rigid bodies, the con-
tribution of the nvib = 9 vibrational modes per molecule is
missing in the determination of heat capacities. We have
computed the corresponding corrections using the harmonic
oscillator model and the experimental vibrational frequency ni

(i = 1,. . .,9) of the dibromomethane molecule in gas phase.60,61

Defining the vibrational temperature of each vibrational mode
by TVi = hni/kB, where h is the Planck’s constant, the corrections
are given by:

cV;vib ¼ cP;vib ¼
Xnvib
i

NkB
TVi

2T

� �2

sinh
TVi

2T

� �2
(6)

where N is the number of molecules. The numerical values are
18.61, 19.97, 21.32, 22.65 and 23.95 J mol�1 K�1 from 268.15 to
328.15 K by 15 K steps.

Fig. 6 presents the cP values obtained by simulation from the
thermodynamic definition and augmented by these quantum
corrections. Experimental results at 298.15 and 313.15 K at
pressures up to 1000 bar from ref. 26 are shown for comparison.
Globally, the model gives cP in reasonable agreement with experi-
ment. However, due to (i) relatively large error bars, (ii) a opposite

Fig. 4 Constant volume heat capacity cV obtained from fluctuation for-
mula in NVE ensemble (dashed lines) and from thermodynamic definition
(dotted lines). Circles are MD results and lines are guides to the eye.

Fig. 5 Constant pressure heat capacity cP obtained from the thermo-
dynamic definition. Circles are MD results and dashed lines are guides to
the eye.

Fig. 6 Constant pressure heat capacity cP. Simulation: thermodynamic
definition with a harmonic oscillator correction for molecular vibrations.
Circles are MD results and dashed lines are guides to the eye. Experiment:
from ref. 26.
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temperature dependence of the uncorrected cP values and of the
quantum correction, the resulting values present an erratic tem-
perature dependence with an incertitude in the range �1.5% at
least. Comparatively, the experimental results at 298.15 and
313.15 K differ very little, the maximum difference is less than
0.3% at 1 bar. The error bars are not mentioned in ref. 26 but the
monotonic behaviour of the curves indicates that it is very small,
smaller than 0.3%. Thus, to bring the accuracy of cP determina-
tion by simulation at the level of experiment would require a
significantly larger computational effort than in the present study.

Another test of heat capacities is to compute the ratio cP/cV.
This quantity is related to the compressibility by:

cP

cV
¼ kT

kS
(7)

where kS is the isentropic compressibility. This ratio is presented
in Fig. 7 with experimental values at 298.15 and 313.15 K at
pressures up to 1000 bar.26 The agreement is reasonable.

3.5 Consistency check

From thermodynamics, heat capacities, isobaric expansivity
and isothermal compressibility are related by the relationship:

cP � cV ¼
VTaP2

kT
(8)

From our MD data, the values of cP–cV are correlated to those
of VTaP

2/kT in Fig. 8. On can notice a good correlation with
largest deviations around 10%. The scattering of points with
respect to the perfect expected correlation gives a clear indica-
tion of the incertitude of the global strategy leading to these
thermophysical quantities.

3.6 Speed of sound

The speed of sound u can be obtained from the
relationship:62

u ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r kT �

TMaP2

rcP

� �s (9)

with r the mass density and M the molar mass. Using eqn (8),
this relationship is equivalent to

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cP

cVrkT

r
(10)

Fig. 9 presents the speed of sound obtained from eqn (9) and
(10) from our classical MD simulations. Using eqn (9) and (10)
lead to similar values. Compared to experimental values at
298 K and 313 K up to 1000 bar,26 one can note an over-
estimation of roughly 12–16%. The introduction of quantum
corrections for molecular vibrations in heat capacities leads to
numerical values a little bit lower, and as shown in Fig. 9, the
agreement with the experimental values is improved. For both
isotherms at 298 and 313 K, the overestimation is reduced by a
factor 2–3.

4 Conclusion

Molecular dynamics simulation have been used to model
thermophysical properties of liquid dibromomethane under
pressure using a simple five-site effective two-body additive
potential with van der Waals parameters slightly tuned from

Fig. 7 Ratio cP/cV. Simulation: the heat capacities cP (thermodynamic
definition, eqn (5)) and cV (fluctuation formula, eqn (3)) are corrected by
vibrational quantum corrections, eqn (6). Circles are MD results and
dashed lines are guides to the eye. Experiment: from ref. 26.

Fig. 8 Correlation between cP � cV and TVaP
2/kT obtained from MD

simulations. Color code: dark green: 268 K, light green: 283 K, red:
298 K, indigo: 313 K and blue: 328 K.

Fig. 9 Speed of sound u. Circles and crosses: u obtained from MD
simulations and eqn (9) and (10), respectively. Squares and diamonds:
u obtained from MD simulations with quantum corrections for heat
capacities eqn (6), (9) and (10), respectively. The dotted curves are given
as eye guidance for the case eqn (9) with quantum correction eqn (6).
Experiment: from ref. 26.
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parameters of the GAFF2 force field. Heat capacities, isobaric
thermal expansion coefficient, isothermal compressibility and
speed of sound are found in reasonable agreement with avail-
able experimental results. The main result of this work is the
observation of the crossing of the isotherms of the isobaric
thermal expansivity around 780 bar, which is compatible with
the prediction of an isothermal fluctuation equation of state
but contrasts with experimental results which do not observe
any crossing up to 1000 bar, though a crossing at higher
pressure can be anticipated from the extrapolation of the
experimental data. This suggests that it would be very interesting
to reinvestigate the isobaric expansivity of this liquid at pressures
above 1000 bar in order to clarify the situation: where is precisely
located the crossing of the isotherms?
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a b s t r a c t

In this work, the properties of liquid 1-chloropropane, 2-chloropropane and 1,3-dichloropropane are
investigated. The Span–Wagner equation of state (EoS) is used to improve the existing thermophysical
properties as a function of the temperature and pressure of these chloropropanes. For 1-chloropropane
and 2-chloropropane, the thermophysical properties are compared with Molecular Dynamics simulation
results performed in the range of temperature 293.15–373.15 K and the range of pressure 0.1–200 MPa.
In addition, for both monochloropropanes, the isobaric thermal expansion coefficient obtained from
Span–Wagner EoS and MD simulations is compared with the one obtained from the recently proposed
Daridon’s method.

� 2022 Elsevier B.V. All rights reserved.

1. Introduction

The interplay of functional forms and parameters of equations
of state with macroscopic thermoelastic coefficients and the
microscopic molecular nature of the described system is not only
of fundamental interest of condensed matter physics and physical
chemistry but also is the starting point for most thermodynamic
issues related to engineering applications from chemistry and fluid
mechanics to materials engineering and nanotechnology. The
knowledge of an effective and predictive equation of state and
thermoelastic coefficients for a wide range of liquid systems is
becoming essential in the context of designing technological pro-
cesses under high pressure. Therefore, the analysis of the anoma-
lous thermodynamic properties of liquids (thermodynamic

response functions) in connection with the molecular structure
of liquids acquires an entirely new meaning.

Within this context, a particular interest can be focused on
halogenated propanes. They provide an opportunity to explore
the influence of the qualitative change of pure n-alkane originating
from the introduction of the heavy atom. It is possible either sym-
metrically (with two opposite kinds of effects: in the middle of
chain for 2-halogen-propane; and at the end of the molecule for
1,3-halogen-propane) or asymmetrically for 1-halogen-propane.
This work focused primarily on one class of chloroalkanes, namely
1-chloropropane, 2-chloropropane, and 1,3-dichloropropane.
Experimental datasets are determined in a similar range of ther-
modynamic conditions intended to validate modeling approaches.
In addition, it should be pointed out that haloalkanes have a prac-
tical application; namely, they are used, for example, as solvents,
propellants, fumigants, disinfectants, or refrigerants [1–4].

However, the prediction of fluid properties over a wide range of
thermodynamic states is a complex scientific task. Direct experi-
mental measurement of parameters at high temperature and pres-
sure requires sophisticated equipment. Generally, theoretical

https://doi.org/10.1016/j.molliq.2022.119137
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methods work well for simple systems. Some experimental data
are needed to use semi-empirical methods using correlations and
approximations. The use of computer simulation methods can gen-
erate valuable information and bridge the gap between experiment
and theory. This work will apply the Span–Wagner Equation of
State (Span–Wagner EoS), known as one of the most accurate
empiric correlations that can reproduce the thermodynamic prop-
erties in a wide range of temperatures and pressures with an accu-
racy comparable to the one of practical experimental
measurements. Respectively, obtaining parameters of this EoS that
allow analytical calculating of primary and derivative thermody-
namic quantities gives a background for discussing direct molecu-
lar features revealed by MD simulations.

This work will look specifically at the isobaric thermal expan-
sion coefficient aP ¼ �q�1 @q=@Tð ÞP , which is known as a thermo-
dynamic quantity quite sensitive to the data and its processing.
In particular, the IUPAC recommends paying attention to the repro-
ducibility of aP ’s behavior when developing data regression and
modeling with equations of state [5]. One of such features of
importance is that isotherms of aP intersect at a given pressure
or within a specific range of pressures. In general, they cross below
200 MPa, depending on the temperature range studied [6,7] and
the nature of the liquid system [8–10]. In other words, there exist
a curve on the thermodynamic plane, where @aP=@Tð ÞP ¼ 0. To sim-
plify, we will call this feature as the ”intersection of isotherms”
instead of the long sentence ”zeroing the temperature derivative
of the isobaric thermal expansion coefficient”.

The experimental data evaluation of three chloropropanes is
shown in Section 2. Section 3 is focused on the MD simula-
tions’ details. The following section shows how we used
experimental data to apply Span–Wagner’s method and calcu-
late the fundamental thermodynamic properties from computer
simulation results. The discussion section presents the fitting
of coefficients and their uncertainty in the Span–Wagner
method and different views on calculating the thermal expan-
sion coefficient.

2. Experimental data evaluation

2.1. 1-chloropropane

The experimental data presented in work [11] and other
literature sources referenced therein were evaluated using the
ThermoData Engine (TDE) [12,13]. It has been revealed that
the density data along isotherms T P 333:15 K, i.e., larger than
the boiling temperature Tb ¼ 319:8 K, and pressures
P P 10 MPa looks inconsistent with the rest of the data as it
exhibits deviations toward large densities. Thus, these data
were rejected, and we need to redetermine the respective val-
ues. At the same time, the course of isotherms of the speed
of sound satisfies the self-consistent overall picture of the avail-
able PVT data. Thus, we decided to redetermine the densities
based on the modified acoustic route described in details in
Lowe et al.’s work [14].

To integrate the thermodynamic equalities

@CP

@P

� �
T
¼ � T

q
a2
P þ

@aP

@T

� �
P

� �
; ð1Þ

@q
@P

� �
T

¼ Ta2
P

CP
� 1
c2

� �
; ð2Þ

where CP and aP are the isobaric heat capacity and the coefficient of
thermal expansion supplied with the experimental data of the
speed of sound, which cubed value is fitted by cubic polynomials

along isotherms c3ðPÞ ¼P2
n¼1

P2
j¼0AjnðTÞðP � P0Þn, it is required to

state initial conditions along an isobar P0. Since the temperature
interval, T ¼ ð293:15� 373:15Þ K covers the significant range after
the boiling point of 1-chloropropane, the isobar P0 ¼ 4:9 MPa was
chosen. Evaluating the data from [11,15] along all these tempera-
ture regions and the data from [9] for its part below the boiling
point indicates good consistency between these sources. The speed
of sound along this isobar was taken from Melent’ev and Post-
nikov’s work [11].

For the isobaric heat capacity, we applied a two-step proce-
dure. The data evaluation demonstrated that the data presented
in work [11] need to be slightly shifted by adding a constant
value DCP ¼ 1:7J=ðmol � KÞ. In this case, the data at 298.15 K are
centred concerning the set of available experimental data for this
temperature. The whole sequence of CP values follows a smooth
continuous curve formed by the rest of the experimental data
and TDE-based predictions for the saturated heat capacity. Note
that the shift applied is within the uncertainty range defined
for the original data in Melent’ev and Postnikov’s work [11];
therefore, this procedure does not out-throw redefined values
supplied with the uncertainty range bounded by the original data
from the validity range of the experiment. As the next step, the
Span–Wagner equation of state for polar substances was fitted
to the whole set of available (and not rejected due to large devi-
ations) data using the standard TDE procedure. As a result, the
desired heat capacity data for the isobar P0 ¼ 4:9MPa were
obtained.

2.2. 2-chloropropane

As done for 1-chloropropane, the recalculation of the density
via the acoustic route was carried out. Again, the isobar P ¼ 4:5
MPa was chosen as the reference one for the initial conditions;
the density q0 and the speed of sound c0 were taken from the
Melent’ev and Postnikov’s work [16]. As for the isobaric heat
capacity at this pressure, the following procedure was applied.
The values at the ambient atmospheric pressure C0

P were reported
in Melent’ev and Postnikov’s work [17]. We used the second-order
polynomial interpolation for q0; c0, and C0

P and one step of integra-
tion of Eq. (1). As a result, the values of CPð4:9MPaÞ for tempera-
tures lower than the boiling point were obtained; in turn, they
were interpolated by the second-order polynomial to end the val-
ues extrapolated to the temperatures exceeding the boiling tem-
perature. The resulting density at high pressures was found as
described above for 1-chloropropane by integrating the system
(1) and (2) with the simultaneous uncertainty quantification and
applying the processing 104 times replicated Monte Carlo
ensemble.

2.3. 1,3-dichloropropane

A unique example of halogenated propanes is 1,3-
dichloropropane, for which the direct measurements of the iso-
baric expansion coefficient at high pressures are available [18]. It
means that these values can play a role in the reference set since
they are not connected to any density approximation method.

At the same time, to the best of our knowledge, despite rela-
tively extensive amounts of saturated data and the data measured
at ambient atmospheric pressure [19], the data on the density itself
at elevated pressure is absent. However, there exists a dataset of
the speed of sound data [20]. Thus, the acoustic route for the den-
sity determination, analogous to the one described above, has been
carried out. Moreover, the third-order polynomial interpolation
was used to determine the isobaric thermal expansion coefficient
during the intermediate steps, possibly due to the higher temper-
ature points.
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3. Simulation details

MD simulations are performed with home-made simulation
codes in periodic boundary conditions (PBC) with N = 1000 rigid
molecules in the central cubic box interacting through an atom–
atom two-body potential containing Lennard-Jones and Coulomb
interactions. The choice of using rigid molecules has been made
in order to increase the value of the time step. The molecular
geometries have been optimized at Hartree–Fock level with a 6-
31G* basis set. In the case of 1-chloropropane, the molecule has
three important conformational isomers corresponding to different
values of the torsion angle C–C–C–Cl: one trans (’ 180o) and two
gauche (’60� and ’300�) conformers. In order to approximate
the experimental situation as close as possible for each studied
thermodynamic state, the experimental percentages of each con-
former trans, gauche+, and gauche� have been used. These popula-
tions at different temperatures and pressures have been
interpolated from the results of a Raman study [21]. The number
of 1-chloropropane conformers and the molecular geometries are
given in Tables S1 and S2 of the Supplementary Information,
respectively.

Atomic partial charges have been fitted from ab initio calcula-
tion at Hartree–Fock level with the 6-31G* basis set in order to
reproduce the electrostatic potential around the molecule (ESP
charges). Points are located around the molecule with a spacing
of 0.35 Å in each Cartesian direction with points located at dis-
tances between 1.0 and 2.0 times the van der Waals radius of each
atom and removing points closer from any atom than 1.0 times its
van der Waals radius. The van der Waals radii are taken from Bondi
for the carbon and chlorine atoms and Rowland for the hydrogen
atom [22,23]. The grids around the three conformers of trans,
gauche+, gauche� 1-chloropropane, and 2-chloropropane have
6659, 6563, 6563, and 6506 points, respectively. Charges of hydro-
gen atoms of each CH2, of each CH3 groups, and terminal carbon
atoms in 2-chloropropane are fitted with a constraint of equality.
Then, for 1-chloropropane, an average is taken over the three con-
formers in order to use a single charge-set. Charges of 1-
chloropropane are eventually scaled by 0.99. The ratio of the dipole
moment of both isomers of chloropropane would be equal to the
value obtained with the ab initio values of the dipole moments.
Ab initio calculations have been performed using the Gaussian
package [24], and atomic charges are fitted using a home-made
code based on the standard minimization of mean-square devia-
tion between the electrostatic potential obtained from the ab initio
calculation and the one obtained from the atomic-charge model.
The Lennard-Jones parameters have been taken from the OPLS-
AA force field, and consistently geometric combination rules are
applied for �a;b and ra;b parameters for pairs of dissimilar atoms a
and b [25]. The atomic charges and Lennard-Jones parameters are
gathered in Table S3 of the Supplementary Information.

Equations of motion are solved using the center of mass degrees
of freedom and a leapfrog quaternion algorithm due to Svanberg
[26] with a time step equal to 4 fs. This scheme improves a previ-
ous algorithm developed by Fincham [27,28]. In this approach,
each molecule’s quaternion vector Q(t+Dt/2) is obtained itera-

tively. In our code, iterations are stopped when the norm of its
variation between two consecutive iterations is lower than 10�9.
Electrostatic interactions are computed using lattice summations
based on the Ladd approach, initially proposed for assemblies of
point dipoles [29–31] and generalized to systems of point charges
[32,33], leading to expressions equivalent to the ones proposed by
other groups [34,35]. A reaction field contribution is added with
the dielectric constant of the surrounding continuum equal to
infinity, making the method physically equivalent to the standard
Ewald approach [31]. It has been observed that the truncation at
rank 10 of the expansion of the electrostatic interaction energy
in cubic harmonics leads to good accuracy even for highly polar
and polarizable systems [31,36]. The van der Waals interactions
are truncated beyond a molecular-based cutoff of 20.0 Å. Usual cor-
rections on potential energy and pressure due to this cutoff have
been applied [28].

4. Results

4.1. 1-chloropropane

The complete set of the initial data used for solving Eqs. 1,2 is
listed in Table 1. The resulting density was found by integrating
the (1) and (2) system using the Heun’s method with these initial
conditions applying the second-order polynomials along isobars
for determining the coefficient of thermal expansion and its
derivative with respect to pressure. Table S4 in the Supplementary
Information presents the obtained values. The standard uncer-
tainty of the data was determined by the Monte Carlo method of
uncertainty quantification [37,38]. Each initial condition was repli-
cated 104 times to form a Gaussian ensemble with the dispersions
corresponding to the values listed in Table 1.

Fig. 1 presents the density values compared to other known
data for some of these isotherms. One can see that the behavior
of the isotherms for temperatures T > Tb significantly deviates
from the values listed in the table of densities in Melent’ev and
Posnikov’s work [11]. On the contrary, for T < Tb, the values of both
sets are reasonably consistent, with an average absolute deviation
AAD ¼ 0:002. The same is true in a direct comparison with the data
from [9] for two isotherms with coinciding temperatures
AAD ¼ 0:001, i.e., the correspondence is even better, which is also
visible in Fig. 1, where asterisks are practically overlapped with cir-
cles. As an additional criterion, isotherms from Bridgman’s work
[39] are shown. They correspond to the temperatures that do not
coincide with those we considered. However, the position, slope,
and curvature of these intermediate curves support the accuracy
of the new proposed dataset. In particular, when comparing the
highest pressure region for the isotherm T ¼ 293:15K and Bridg-
man’s isotherm T ¼ 273:15K, we can conclude that the deviation
of crosses (previous data from Ref. [11]) from new (circles) is irrel-
evant and new (more extensive and less curved) data should be
preferred. Finally, it can be pointed out that comparison of the data
listed in Table 1 for P P 10 MPa with the prediction of the initial
TDE’s Span–Wagner model built by fitting the data (except the

Table 1
Thermodynamic parameters at the pressure P0 ¼ 4:9MPa, which play the role of initial conditions for the system 1,2. Their standard uncertainties are
uðqÞ ¼ 2:2kg �m�3; uðcÞ ¼ 3:4m � s�1 ;uðCPÞ ¼ 1:8J �mol�1 � K�1.

T=K 293.15 313.15 333.15 353.15 373.15

qðP0Þ=kg �m�3 896.5 871.6 846.3 820.5 794.3

cðP0Þ=m � s�1 1117.4 1028.3 943.1 862.8 788.0

CPðP0Þ=J �mol�1 � K�1 128.2 132.5 137.2 142.3 147.9
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speed of sound) at temperatures not exceeding Tb for such pres-
sures deviates from these new determined densities with
AAD ¼ 0:002.

Thus, we can conclude that the dataset for the density of 1-
chloropropane published in work [11] should be rejected and
replaced with the new dataset given in Table S4.

4.2. 2-chloropropane

Fig. 2 illustrates the pressure dependence of the density
obtained via acoustic route presented in Table S5 in the Supple-
mentary Information compared to the data given in Ref. [16] and
three isotherms from Ref. [9]. Unfortunately, there is no other data
related to this compound at high pressures. One can see that again,
newly obtained values are well-coordinated with the previously
reported ones for temperatures below the boiling point as it was
noted for 1-chloropropane. However, one can see deviations for
P > 100MPa. Nevertheless, for lower pressures, the correspon-
dence is quite accurate; in particular AAD ¼ 0:1% (1:06kg �m�3 in
the dimensional form) that is reliably within the experimental
uncertainty for the isotherm 293:15K from [9], the only one which
coincides with these data in the temperature value. Two other iso-
therms, which go on both sides from the mentioned one, also
demonstrate coordinated position and shape with the newly
obtained one. For the two largest temperatures in the studied
interval, there is the visible deviation of data from Ref. [16] in
the intermediate region of pressures that we can associate with
the possible instrumental inaccuracies affecting the results of vol-
umetric density determination in the cited work.

4.3. 1,3-dichloropropane

The obtained results are listed in Table S6 in the Supplementary
Information. Unfortunately, to the best of our knowledge, there are
no other data for this liquid.

4.4. MD Simulations

1-chloropropane and 2-chloropropane have been studied at six
temperatures (293.15, 303.15, 313.15, 333.15, 353.15 and

373.15 K) and densities have been fitted to get eight pressures
(0.1, 12,5, 25.0, 50.0, 75.0, 100, 150.0 and 200.0 MPa). In the first
stage, the volume is adjusted to get the desired pressure using con-
stant volume simulation with frequent scaling of velocities and
angular momenta to impose the desired temperature. Pressure is
averaged over 50000–100000 time step periods and used itera-
tively to guide volume change. When the right density is obtained,
the system is simulated at constant energy and volume during a
production period of 400000 time steps. The imposed energy is
the average total (internal) energy obtained in the last 25000 time
steps of the last thermalization run (see Table S8 of the Supple-
mentary Information). Due to finite time step and cutoff of
Lennard-Jones interactions, a rescaling of velocities and angular
momenta is performed every 500-time step in order to maintain
the total energy constant. Among the 48 thermodynamical states
of both systems, the root-mean-square deviation between the
imposed energies and the MD averaged energies (over 1.6 ns) is
around 0.6 J/mol and the maximum deviation is 1.6 J/mol. Aver-
aged translational and rotational temperatures, computed during
the simulation from molecular velocities and angular momenta,
are very close to the target values. The root-mean-square devia-
tions of the translation and rotational temperatures for the 96
MD runs for the target values is ’0.3 K. The maximum deviation
is 0.75 K. The averaged pressures differ from the target values by
less than 1 % for the systems under pressure. At 0.1 MPa, the devi-
ations are within the range �0.2 MPa.

5. Discussion

5.1. Span–Wagner EoS for chloropropanes: coefficients fitting and
uncertainty evaluation

With the datasets prepared in the previous sections supplied
additionally with the other available experimental data given in
the NIST standard reference database 103b [19], the fitting of polar
Span–Wagner EoS for 1-chloropropane, 2-chloropropane, and 1,3-
dichloropropane was carried out with the TDE fitting tool by
employing the ”simulated annealing” fitting procedure.

The Span–Wagner EoS operates with the Helmholtz free energy
per unit mass Am as a thermodynamic potential for obtaining other

Fig. 2. The density found via the speed of sound-based thermodynamic route
(circles), the data from [16] (crosses) for isotherms listed in Table S5 in the
Supplementary Information (from up to down). For comparison, the data from [9]
for T ¼ 283:15K; T ¼ 293:15K and T ¼ 303:15K are shown as black asterisks. Lines
connect markers for visual guidance.

Fig. 1. The density found via the speed of sound-based thermodynamic route
(circles), the data from [11] (crosses) for isotherms listed in Table S4 in the
Supplementary Information (from up to down). For comparison, the data from [9]
for T ¼ 293:15K and T ¼ 313:15K are shown as asterisks and the data from [39] for
T ¼ 273:15K; T ¼ 323:15K, and T ¼ 368:15K as black diamonds. Lines connect
markers for visual guidance.
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thermodynamic properties of the substance, written in the follow-
ing form:

aðd; sÞ ¼ Am

RT
¼ a0ðd; sÞ þ arðd; sÞ ð3Þ

where d ¼ q=qc; s ¼ Tc=T with qc as the critical density and Tc as
the critical temperature, R is the specific gas constant, a0 is the ideal
gas part of the Helmholtz free energy, and ar is the residual part.

For the polar Span–Wagner EoS, the residual part of Eq. (3) is
usually found as the following sum:

arðd; sÞ ¼
X5
i¼1

nid
disti þ

X12
i¼6

nid
disti e�dci ð4Þ

The ideal gas part of Eq. (3) is usually obtained from the ideal gas
heat capacity function C0

PðTÞ by calculating the integrals in the fol-
lowing expression:

a0ðd; sÞ ¼ 1
RT

Z T

T0

C0
PdT þ h0

0

� �
�

1� 1
R

Z T

T0

C0
P � R
T

dT þ R ln
q
q0

0

� �
þ s00

 !
ð5Þ

where all variables with the lower index ”0” refer to an arbitrary
reference state and do not contribute to the derived liquid’s proper-
ties, the C0

PðTÞ functions for all studied substances are provided by

TDE as a 4-degree polynomial C0
PðTÞ=R ¼P4

i¼0CiT
i. Thus, the integra-

tion of Eq. (5) gives the following form of a0ðd; sÞ for this type of the
C0
PðTÞ fitting function:

a0ðd; sÞ ¼ ln dþ a0 lnsþ a1s�1 þ a2s�2 þ a3s�3 þ a4s�4 ð6Þ
For 1-chloropropane, the following constants were used for fitting:
Tc ¼ 503:305 K;qc ¼ 3:733 mol=l and R ¼ 105:862 J=kg K. The
coefficients, obtained for the ideal gas part in the form of Eq. (6),
are the following: a0 ¼ 4:21713431; a1 ¼ 0:93881713; a2 ¼ �
4:95589391; a3 ¼ 2:04005711 and a4 ¼ �0:32740601.

For 2-chloropropane, the following constants were used for fit-
ting: Tc ¼ 482:401 K;qc ¼ 4:079 mol=l and R ¼ 105:862 J=kg K.
The coefficients, obtained for the ideal gas part in the form of Eq.
(6), are the following: a0 ¼ 5:10191966; a1 ¼ 2:65807121; a2 ¼
�5:88923338; a3 ¼ 2:47291938 and a4 ¼ �0:41940059.

For 1,3-dichloropropane, the following constants were used for
fitting: Tc ¼ 614:600 K;qc ¼ 3:473 mol=l and R ¼ 73:589 J=kg K.
The coefficients, obtained for the ideal gas part in the form of Eq.
(6), are the following:
a0 ¼ 6:76492505; a1 ¼ 3:25768226; a2 ¼ �8:92941215; a3 ¼
4:54996311 and a4 ¼ �0:91194098.

The coefficients of Eq. (4), obtained from the fitting procedure,
are listed in Table S7 (note that coefficients di; ti, and ci are specific
for the polar type of the Span–Wagner EoS and do not vary from
one substance to another).

To evaluate the uncertainties of all obtained EoS, the experi-
mental data for density and the speed of sound for compressed
and saturated liquid, the heat capacity at constant pressure and
the heat capacity at saturation pressure, were used. All data were
taken from the TDE database [19], except for the points rejected
after performing the Data Evaluation procedure or replaced to
the corrected values in the previous sections. The theoretical pre-
dictions of the density values at particular pressure and tempera-
ture were made by choosing the q value that predicts the closest
value of pressure by the formula pðd; sÞ ¼ qRTð1þ dar

dÞ, with a q
increment of 10�6qc. The equations for the heat capacity per unit
mass at constant pressure, heat capacity per unit mass at satura-

tion pressure, and the speed of sound via derivatives of the Helm-
holtz free energy are following:

CPðd; sÞ
R

¼ �s2ða0ss þ arssÞ þ
ð1þ dard � dsardsÞ2
1þ 2dar

d þ d2ardd
ð7Þ

Csðd; sÞ
R

¼ �s2ða0ss þ arssÞ þ
ð1þ dard � dsardsÞ2
1þ 2dard þ d2ardd

ð1þ dard � dsardsÞ �
qc

Rd
dps

dT

� �
ð8Þ

c2ðd; sÞ
RT

¼ 1þ 2dard þ d2ardd �
ð1þ dard � dsardsÞ2
s2ða0ss þ arssÞ

ð9Þ

with psðTÞ as the phase boundary pressure function. In equations
above, subscripts d and s denote partial derivatives respectively to
these reduced variables. To evaluate the uncertainties at the satura-
tion curve, the experimental phase boundary pressure data pro-
vided by the TDE database were fitted by the Wagner vapor
pressure equation. Using this equation, the values of boundary pres-
sure were added to each data point so that it would be possible to
apply the Span–Wagner EoS for calculations. The deviations of the
density values, calculated by obtained EoS’, from respective exper-
imental values at elevated pressure for all studied liquids are shown
in Fig. S1 of the Supplementary Information. The deviations of pre-
dicted density values at the saturation curves from the experimen-
tal ones are shown in Fig. S2 of the Supplementary Information.

AAD calculation was made for all above-counted quantities in
the range of temperatures from 273.15 K to 373.15 K, and for all
values of the temperatures presented in considered datasets.
Table S10 of the Supplementary Information summarizes the
AAD values obtained for all considered substances in compressed
liquid and saturated liquid states.

5.2. The isobaric thermal expansion intersection curves and the
thermodynamic curvature isolines

Using the Span–Wagner EoS with the obtained coefficients, the
isobaric thermal expansion intersection curve and the thermody-
namic Riemannian curvature contours were plotted for all studied
liquids by the procedure described in the Supplementary Informa-
tion of Pribylov and Postnikov’s work [40]. Fig. S3 of the Supple-
mentary Information shows the obtained isolines of the
Riemannian curvature R and the aP intersection curve on the
ðP; TÞ plane, as well as the contours of dimensionless thermody-
namic curvature R� ¼ R=VvdW , where VvdW is the van der Waals
molecular volume characterizing the size of molecules in ðq�; TÞ
coordinates, where q� ¼ q=qvdW with qvdW ¼ M=NaVvdW as the
van der Waals density, where M – molar mass and NA – Avogadro
constant.

One can see that the intersection curve behaves for these liquids
in the manner typical of n-alkanes, it coincides with an isoline of
the thermodynamic curvature when the liquid tends to melt.
Around the melting point, such a coincidence is observed for sub-
stances with longer chains starting from n-pentane rather than for
n-propane, characterized by the specificity of packing near the
melting point [40]. However, this observation is in line with the
analysis of the cohesive energy density [41], which indicates that
for 1-haloalkanes, introducing chlorine atom (which is signifi-
cantly heavier than the replaced hydrogen) is equivalent form
the point of view of the energy of intermolecular interactions to
the ascending shift along with pure alkane’s homologous series
on just about three members of it, see [42].
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Thus, the aP intersection curves for 1-chloropropane, 2-
chloropropane and 1,3-dichloropropane obtained in the present
study can be compared to each other and to the one of n-
propane reported in Pribylov and Postnikov’s work [40], by plotting
in both dimensionless ðq�; T�Þ with T� ¼ T=Tc , and ðP; TÞ sets of
coordinates. Fig. S4 of the Supplementary Information shows those
intersection curves in chosen coordinates. One can see that despite
the different position of the intersection curves on the ðP; TÞ, three
out of four of them are almost merged practically in one narrow
stripe on the ðq�; T�Þ plane. As discussed in [40], this stripe can
be interpreted as the universality of molecular packing properties
corresponding to the thermodynamic state, where @aP=@Tð ÞP ¼ 0.
This is also related to the reasons mentioned above that the chlo-
rine atom replacing the hydrogen in the methyl group is equiva-
lent, to the certain extent, to a simple elongation of the alkane’s
chain. On the contrary, introducing chlorine into the middle
methylene group results in the some displacement of the
@aP=@Tð ÞP ¼ 0 line at low reduced temperatures and its more linear
character.

5.3. Comparison of the isobaric thermal expansions obtained in
different ways

To compare aP for two isotherms whose temperatures coincide
in the direct measurements [18] and for the acoustic route based
on the speed of sound data [20], the acoustic route of the density
determination was applied to determine the isobaric thermal
expansion coefficient at the same values of pressure that in Chor-
ą _zewski et al. [18]. Since this interval of pressures overcomes avail-
able data in Yebra et al. [20], the second-order polynomial
extrapolation of the cubed speed of sound was used for
P > 95MPa and the same order of polynomial was used in the
extrapolated region for partial derivatives with respect to the tem-
perature. The Span–Wagner EoS obtained in the previous section
also allows to calculate aP by the following formula:

aP ¼ � ds
Tc

sða0ds þ ardsÞ � a0d � ar
d

1þ 2dard þ d2ardd
: ð10Þ

In this way, it is possible to compare the values of aP , obtained by
these three different methods at the values of the temperature of
303.15 K and 323.15 K (these values are only common for both
sources [18,20], the latter was used to obtain aP through the acous-
tic route), and the values of pressure, where the experimental mea-
surements were made. The uncertainties of calculations were
estimated for each point by the Monte Carlo method for the acous-
tic route calculations, and by the TDE’s EoS calculation instrument
for the Span–Wagner EoS calculations. The comparison of the
experimental and calculated values of aP is provided in Fig. S5 of
the Supplementary Information.

A comparison of the results of aP calculations using the previ-
ously described acoustic route method and the Span–Wagner EoS
can also be done in a wider range of temperatures, where the
experimental measurements of the speed of sound in [20] are
made. To avoid using extrapolation, the comparison is made only
in the interval of pressures, where the values of the speed of sound
were measured. Fig. S6 of the Supplementary Information shows
the result of calculations of the aP values with the acoustic route
method and the Span–Wagner EoS, carried out at the points where
the speed of sound was measured.

Finally, we look at a recently published numerical method,
where a limited number of experimental data were used to esti-
mate the isobaric thermal expansion coefficient and its uncertainty
[43]. It is based on a proper power-law transformation of variables
(density and temperature) that linearizes the experimental points
in such a representation. In comparison with the other method

where a proper polynomial degree is needed, it is unnecessary
here. For the calculations, we used the MD results. To calculate
the isobaric thermal expansion coefficient, we used the following
equation proposed by Daridon et al. [43]:

aP ¼ � Tm

mnT
a1
qn

ð11Þ

where Tm and qn are the temperature and density re-expressed as a

power transformation Tm ¼ T1=m;qn ¼ q
1000

� �n� 	
; T is the tempera-

ture, and a1 is the slope of the expression qnðTmÞ.
The results of MD simulations, carried out for 1-chloropropane

and 2-chloropropane, also allow to calculate aP by making a poly-
nomial interpolation of the obtained values of density from the

thermodynamic definition aP ¼ � 1
q

� 	
@q
@T

� �
P
, with the temperature

dependence of the density fitted using a polynomial of order 2.
Thus, the comparison of the MD results, the ones predicted by fit-
ting on the experimental data Span–Wagner EoS, and the ones pre-
dicted by the Daridon et al. method can be provided. The respective
values of aP for 1- and 2-chloropropane were calculated from the
results of the MD simulations by the Span–Wagner EoS’ and Dari-
don et al. method at the points where the simulations were made
are shown in Fig. 3.

Using the polynomial interpolation of the obtained MD values
of density compared to the Daridon et al. method [43], we obtained
very similar results in the high-pressure region. Here, the crossing
occurs around 150 MPa and in the range of pressures 150–200 MPa
for 1-chloropropane and 2-chloropropane, respectively. There is a
difference between polynomial and Daridon et al. method for the
highest temperatures at small pressures. Such behavior is under-
standable because it corresponds to the state far after the boiling
point. The results obtained by the Span–Wagner method differ
from those previously mentioned. Here, the crossing occurs in
the range 100–122 MPa and 75–115 MPa for two isomers of
chloropropane. The intersection ranges occur in relatively close
ranges for 1-chloropropane. However, a significant intersection
shift is seen for 2-chloropropane. This may be due to obtaining a
more significant discrepancy in the MD density results compared
to the data obtained with Span–Wagner EoS.

5.4. The other thermodynamic quantities calculated from the MD
results

The computer simulations were used to obtain the thermophys-
ical properties for 1-chloropropane, and 2-chloropropane, such as
the density, the isothermal compressibility, constant volume and
constant pressure heat capacities, and the speed of sound.

The density was calculated using the formula q ¼ N
V , where N is

the number of molecules, and V is the volume. The isothermal
compressibility, jT , was computed from the thermodynamic defi-

nition jT ¼ 1
q

� 	
@q
@P

� �
T with the density dependence of density mod-

eled by the functional form used in the Tait equation.
The constant volume heat capacity was obtained from the fluc-

tuation formula in the NVE ensemble [44,45,28]:

CV ¼ 3NkB

1� <dE2kin>

3Nk2BT
2

ð12Þ

where dEkin ¼ Ekin� < Ekin >, with Ekin the total (translational and
rotational) kinetic energy of the system of N rigid molecules, kB
being the Boltzmann constant and T is the temperature. The con-
stant pressure heat capacity is computed from the formula
CP ¼ @H

@T

� �
P where the temperature dependence of the enthalpy H

is fitted using a polynomial of order 2. Quantum corrections due
to vibrational degrees of freedom for heat capacities are computed
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assuming a harmonic oscillator model for the molecular vibrations.
Values of the vibrational frequencies are taken from the literature.
For 1-chloropropane gauche and trans rotamers they are taken from
an infrared (IR) study in gas phase; the missing values for the trans
rotamer being estimated from the corresponding modes of the
gauche conformer and ab initio values from
m0estimatedIR0;trans ¼ mIR;gauche �mabinitio;trans

mabinitio;gauche
[46]. For 2-chloropropane, observed

frequencies from the gas phase and liquid phase IR data are used
[47]. Using vibrationally quantum corrected heat capacities, the
speed of sound is obtained from the equation:

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CP

CV

V
MjT

s
ð13Þ

whereM is the mass of the system, the numerical values of the den-
sity are given in Table S9 of the Supplementary Information.

The comparison of the thermodynamic quantities obtained
from the MD simulations to the respective Span–Wagner EoS is
provided in Fig. 4 for 1-chloropropane and Fig. 5 for 2-
chloropropane, respectively. The colors of markers and lines match
the same temperature values as in Fig. 3.

First, we look at the density (Fig. 4(A)) and Fig. 5(A)). As seen,
better results for 1-chloropropane compared to 2-chloropropane
were obtained. This is due to a smaller error for 1-chloropropane
than 2-chloropropane, for which the density plot is more ”elon-
gated”. This also explains the behavior of the thermal expansion
coefficient discussed above. On the other hand, for both heat
capacities, the ”almost” monotonic functions from MD results

Fig. 3. The isobaric thermal expansion coefficients of 1-chloropropane (A) and 2-chloropropane (B), found from the MD simulations data (crosses), by the obtained Span–
Wagner EoS (circles) and the Daridon et al. method (triangles) at the points where the simulations were made. Lines connect markers for visual guidance.
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(Figs. 4(B), (C)) and Figs. 5(B), (C)) were obtained. This may be due
to the use of a small number of energy isotherms used to calculate
the constant pressure and constant volume heat capacities. As the
temperature increases, the error increases for CP , while for Cv for
each isotherm, the error remains approximately constant. The
speed of sound calculated from Eq. 13 is shown in Fig. 4(D) and
Fig. 5(D). Here also, we obtained better results for 1-
chloropropane, which may be due to the use of the values with
error used to calculate the speed of sound from the thermody-
namic equation. The Fig. 4(E) and Fig. 5(E) show the results for
isothermal compressibility.

For both chloropropanes, we obtain acceptable results except
for the results for P ¼ 0:1 MPa. Several temperatures are larger
than the boiling temperature in these points, which explains the
larger deviations. In Table 2 the Absolute Average Deviations

(AADs) for each thermodynamic properties of two chlorinated pro-
panes are shown.

One may wonder why simulation results differ between liquids
composed of isomers that do not differ significantly. The OPLS force
field and ESP/HF-6-31G* charges give a very similar density for
both liquids in a given thermodynamic state. In contrast, experi-
mentally, 2-chloropropane has a density lower than 1-
chloropropane by a few per cents. Focusing on the four extreme
state points explored in the simulation: 293.15 K – 0.1 MPa,
293.15 K – 200 MPa, 373.15 K – 0.1 MPa and 373.15 K –
200 MPa, the extrapolation of experimental densities of this work
through a polynomial fitting of order 6 gives ’experimental’ values
of the density at these four states, respectively: 890.7, 1024.2,
783.7 and 965.9 kg�m�3 for 1-chloropropane and 864.7, 1001.6,
758.5 and 952.1 kg�m�3 for 2-chloropropane, respectively 2,9,

Fig. 4. The comparison of the values of density (A), heat capacity at constant pressure (B), heat capacity at constant volume (C), speed of sound (D) and isothermal
compressibility (E) of 1-chloropropane, found from the MD Simulations data (crosses) and by the obtained Span–Wagner EoS (circles) at the points where the simulations
were made. Lines connect markers for visual guidance.
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2.2, 3.2 and 1.4 % lower than for 1-chloropropane. The OPLS/ESP-
HF/6-31G* model we have used gives densities for both liquids
1-chloropropane/2-chloropropane equal to 890/891, 1019/1021,
758/756, 988/960 kg�m�3 in the four states, respectively. Let us

remind that in this work, the simulations of 1-chloropropane and
2-chloropropane are performed with rigid molecules.

In order to model the volume-dependent thermophysical prop-
erties accurately, it is crucial to get a very accurate reproduction of
the density as a function of temperature and pressure. To see the
effect of the force field, we did a NPT simulation with the AMBER
package (release 18) and the GAFF2 force field [48,49] coupled to
our set of charges of both liquids in the four previous states. After
thermalization, with 150 ps runs, we got densities for both liquids
1-chloropropane/2-chloropropane equal to 885/883, 1006/1005,
765/763, 947/947 kg�m�3. Doing the simulation with the same
GAFF2 potential and our set of charges using the Lammps package
[50] (the Oct. 2020 version), the densities were found to be equal to
862/859, 997/995, 717/718, 937/937 kg�m�3, the error bars being
around �5 kg�m�3 except for the third state where it is around

Fig. 5. The comparison of the values of density (A), heat capacity at constant pressure (B), heat capacity at constant volume (C), speed of sound (D) and isothermal
compressibility (E) of 2-chloropropane, found from the MD simulation data (crosses) and by the obtained Span–Wagner EoS (circles) at the points where the simulations were
made. Lines connect markers for visual guidance.

Table 2
The AADs for the thermodynamic properties of 1-chloropropane and 2-chloropropane
from the MD simulations and Span–Wagner EoS.

AADs 1-chloropropane 2-chloropropane

q/% 0.543 2.141
CP/% 3.415 2.407
CV /% 4.734 9.128
c/% 3.820 26.928
jT /% 4.206 3.661
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�10 kg�m�3. The differences are due to differences in algorithmic
features used in both packages. These tests also differ from our
simulations because they fully include molecular flexibility.

Additionally, we performed another test to examine the effect
of a charge model. We fitted a new set of ESP charges but we chose
the grid points differently. The points where the electrostatic
potential is computed are restrained with distances from atoms
ranging from 1.00 to 1.01 times an atom’s van der Waals radius.
The simulation with the GAFF2 potential and the new charges
using the Lammps package give densities equal to 858/859,
997/995, 722/711, 936/935 kg�m�3. The effect of the set of the
set of charges is thus very small, which is not unexpected because
the electrostatic interaction energy is a small fraction of the cohe-
sive energy for these liquids. The interesting information we get
from these comparisons is that whatever the model one uses, the
densities of both 1-chloropropane and 2-chloropropane remain
very close at any thermodynamic state. Thus such models cannot
be good for both liquids simultaneously. It thus seems that to
improve the interaction model significantly, it will be necessary
to modify the functional form and/or reconsider the transferability
of parameters between both isomers. This task is a challenge for
molecular modeling far beyond the scope of the present work.

6. Conclusions

In this work, we modeled the thermophysical properties of 1-
chloropropane, 2-chloropropane, and 1,3-dichloropropane as a
function of temperature and pressure using thermodynamic and
molecular dynamics modeling. The study was motivated by the
fact that halogenated propanes represent the most straightforward
systems, which makes it possible to explore the effect on the ther-
modynamic properties of the liquid caused by the changes in
molecular symmetry originating from the replacement of hydro-
gen by a heavy atom. Therefore, the study requires (i) the building
of a high-accurate equation of state, which would be valid for a
wide range of states. It would be based on a comprehensive critical
evaluation of the existing experimental data and (ii) direct molec-
ular dynamics simulations whose purpose is to test the conven-
tional MD force fields. The differences associated with the
various positions of a halogen atom allow us to capture the respec-
tive specificity of thermodynamic functions.

Thus, the main results can be formulated as follows:

1. we have found parameters for the Span–Wagner Equation of
State, which has recently been considered the most accurate
empiric multiparametric EoS (implemented in particular in
the REFPROP system providing the standard reference data by
the National Institute of Standard and Technologies), for all
studied substances;

2. while building the model mentioned above, we critically evalu-
ated the complete set of experimental data existing in the liter-
ature. We noted these data, which demonstrably deviate from
the self-consistent thermodynamic model. We, therefore, pro-
posed appropriate corrections that included their tabular form;

3. we explored the behavior of the thermal expansion coefficients
in detail. Indeed, the IUPAC recommended this as a sensitive
criterion for testing the accuracy of equations of state and
was noted earlier as an open problem exhibiting a big difference
between the compressed states of 1-chloropropane and 2-
chloropropane. It is of specific fundamental interest to discuss
the universality of its zero temperature isobaric derivative
respective to the molecular packing and thermodynamic
curvature;

4. in addition to this thermodynamic consideration, we reported
and analyzed the results of the molecular dynamics simula-
tions, which indicated the validity ranges of conventional force

fields for reproducing the thermodynamics of 1-chloropropane
and 2-chloropropane and posed required directions for future
studies outside of these ranges.
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[36] M. Chorążewski, E. B. Postnikov, K. Oster, I. Polishuk, Thermodynamic properties of 1,

2-dichloroethane and 1, 2-dibromoethane under elevated pressures: experimental results

and predictions of a novel dippr-based version of ft-eos, pc-saft, and cp-pc-saft, Industrial

& Engineering Chemistry Research 54 (39) (2015) 9645–9656.

103

104:7590079668

https://webbook.nist.gov/chemistry/fluid/


[37] H. Guerrero, L. M. Ballesteros, M. García-Mardones, C. Lafuente, I. Gascón, Volumetric

properties of short-chain chloroalkanes, Journal of Chemical & Engineering Data 57 (7)

(2012) 2076–2083.

[38] E. B. Postnikov, B. Jasiok, V. V. Melent’ev, O. S. Ryshkova, V. I. Korotkovskii, A. K.

Radchenko, A. R. Lowe, M. Chorazewski, Prediction of high pressure properties of complex

mixtures without knowledge of their composition as a problem of thermodynamic linear

analysis, Journal of Molecular Liquids (2020) 113016.

[39] S. L. Randzio, J. P. E. Grolier, M. Chorazewski, High-pressure “maxwell relations” mea-

surements, Volume Properties: Liquids, Solutions and Vapours (2014) 414–438.

[40] S. Randzio, J.-P. Grolier, J. Quint, D. Eatough, E. Lewis, L. Hansen, n-hexane as a model for

compressed simple liquids, International journal of thermophysics 15 (3) (1994) 415–441.

104

105:6989722114



7 Appendix – author’s scientific activity

Results performed studies were published in the six papers:

P1. Bernadeta Jasiok, Eugene B. Postnikov, Mirosław Chorążewski, The prediction of high-
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for prediction of high-pressure volumetric properties of polar and non-polar liquids,

European/Japanese Molecular Liquid Group, 8-13 September 2019, Kutná Hora, Czech

Republic

4. Bernadeta Jasiok, Eugene B. Postnikov, Mirosław Chorążewski, Claude Millot, Ther-
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5. Bernadeta Jasiok, Eugene B. Postnikov, Ivan Yu. Pikalov, Mirosław Chorążewski, Pre-
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